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1 First introduction 



The purpose of this paper is to give a finite algorithm for computing the set 
of irreducible unitary representations of a real reductive Lie group G. Even 
before explaining the nature of the algorithm, it is worth recalling why this 
is an interesting question. A serious historical survey would go back at least 
to the work of Fourier (which can be understood in terms of the irreducible 
unitary representations of the circle). 

Since we are not serious historians, we will begin instead with a for- 
mulation of "abstract harmonic analysis" arising from the work of Gelfand 
beginning in the 1930s. In Gelfand's formulation, one begins with a topolog- 
ical group G acting on a topological space X. A reasonable example to keep 
in mind is G = GL(n,M) acting on the space X of lattices in M". What 
makes such spaces difficult to study is that there is little scope for using 
algebra. 

The first step in Gelfand's program is therefore to find a nice Hilbert 
space % (often of functions on X) ; for example, if G preserves a measure on 
X, then one can take 

H = L^{X) (1.1a) 

If choices are made well (as in the case of an invariant measure, for example) 
then G acts on the Hilbert space % by unitary operators: 

Tr:G^U{n). (1.1b) 

Such a group homomorphism (assumed to be continuous, in the sense that 
the map 

Gxn^n, {g,v)^TT{g)v (1.1c) 

is continuous) is called a unitary representation of G. Gelfand's program 
says that questions about the action of G on X should be recast as questions 
about the unitary representation of G on H, where one can bring to bear 
tools of linear algebra. 

One of the most powerful tools of linear algebra is the theory of eigenval- 
ues and eigenvectors, which allow some problems about linear transforma- 
tions to be reduced to the case of dimension one, and the arithmetic of com- 
plex numbers. An eigenvector of a linear transformation is a one-dimensional 
subspace preserved by the linear transformation. In unitary representation 
theory the analogue of an eigenvector is an irreducible unitary representa- 
tion: a nonzero unitary representation having no proper closed subspaces 
invariant under tt{G). Just as a finite-dimensional complex vector space is 
a direct sum of eigenspaces of any (nice enough) linear transformation, so 
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any (nice enough) unitary representation is something hke a direct sum of 
irreducible unitary representations. 

The assumption that we are looking at a unitary representation avoids 
the difficulties (like nilpotent matrices) attached to eigenvalue decomposi- 
tions in the finite-dimensional case; but allowing infinite-dimensional Hilbert 
spaces introduces complications of other kinds. First, one must allow not 
only direct sums but also "direct integrals" of irreducible representations. 
This complication appears already in the case of the action of R on L^{R) by 
translation. The decomposition into one-dimensional irreducible represen- 
tations is accomplished by the Fourier transform, and so involves integrals 
rather than sums. 

For general groups there are more serious difficulties, described by von 
Neumann's theory of "types." But one of Harish-Chandra's fundamental 
theorems ([9], Theorem 7) is that real reductive Lie groups are "type I," 
and therefore that any unitary representation of a reductive group may 
be written uniquely as a direct integral of irreducible unitary representa- 
tions. The second step in Gelfand's program is to recast questions about 
the (reducible) unitary representation vr into questions about the irreducible 
representations into which it is decomposed. 

The third step in Gelfand's program is to describe all of the irreducible 
unitary representations of G. This is the problem of "finding the unitary 
dual" 

Gu =dcf {equiv. classes of irr. unitary representations of G} (1-ld) 

It is this problem for which we offer a solution (for real reductive G) in 
this paper. It is far from a completely satisfactory solution for Gelfand's 
program; for of course what Gelfand's program asks is that one should be 
able to answer interesting questions about all irreducible unitary representa- 
tions. (Then these answers can be assembled into answers to the questions 
about the reducible representation vr, and finally translated into answers to 
the original questions about the topological space X on which G acts.) We 
offer not a list of unitary representations but a method to calculate the list. 
To answer general questions about unitary representations in this way, one 
would need to study how the questions interact with our algorithm. 

All of which is to say that we may continue to write papers after this 
one. 

We will offer a more complete description of the nature of the algorithm 
in Section [71 after recalling the results of Harish-Chandra, Langlands, and 
others in terms of which the algorithm is formulated. For the moment we can 
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say that the algorithm calculates not only the set of unitary representations, 
but more generally the signature of the invariant Hermitian form on any 
irreducible representation admitting one. What the algorithm uses is the 
Kazhdan-Lusztig polynomials describing irreducible characters of G, and 
their interpretation (established by Beilinson and Bernstein in [3]) in terms 
of Jantzen filtrations. The algorithm in the analogous setting of highest 
weight modules is treated by Yee in [151136] . 

2 Nonunitary representations 

In this section we will recall Harish-Chandra's framework for the study of 
representation theory for real reductive groups. Gelfand's program says 
that unitary representations are what one should care about most, partly 
because of their value in applications. It is also true that working with 
infinite-dimensional nonunitary representations leads to terrible difficulties 
from functional analysis. The difficulties are related to those encountered in 
studying eigenvalues for linear operators: for normal operators (those com- 
muting with their adjoints, and therefore nicely related to the Hilbert space 
structure) there is a clean and complete theory, but for general operators 
everything goes wrong. 

On the other hand, it turns out to be extremely difficult to understand 
unitary representations without also looking at some nonunitary represen- 
tations. What happens in the end is that we look at certain families of 
possibly nonunitary representations that are parametrized by complex vec- 
tor spaces (naturally defined over the rational numbers Q). The unitary 
representations are parametrized by real points of rational polyhedra in- 
side these complex vector spaces. This fact essentially goes back to work of 
Knapp and Stein in the 1960s, and is made precise in Chapter 16 of [19] . 
What our algorithm does is compute these polyhedra explicitly. The point 
is that we are therefore describing unitary representations as a subset of a 
(much simpler) set of possibly nonunitary representations. 

The first big idea is therefore Harish-Chandra's classical one, providing a 
category of possibly nonunitary representations for which functional analysis 
works nearly as well as in the unitary case. In order to formulate Harish- 
Chandra's definition of this category, we need some general terminology 
about groups and representations. 

Suppose H is a real Lie group. The real Lie algebra of H and its com- 
plexification are written 

{)o = Lie(F), f, = f)o0RC. (2.1a) 
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The universal enveloping algebra is written 17(1)). The group H acts on f) 
and on U{i)) by automorphisms 

Ad: ^ Aut(C/(f))); (2.1b) 

we write 

3(f)) = C/({))^'^(^) (2.1c) 

for the algebra of invariants. If H is connected, or if H is the group of real 
points of a connected complex group, then 3(f)) is precisely the center of 
U{i)), but in general we can say only 

3(f)) C center of C/(f)). (2.1d) 

A continuous representation of -ff is a complete locally convex topological 
vector space V equipped with a continuous action of H by linear transfor- 
mations. We will sometimes write representations with module notation, 
and sometimes with a named homomorphism 

tt: H^Aut{V). 

In either case the continuity assumption means that the map 

HxV ^V, {h,v)^h-v = Tr{h)v (2.1e) 

is continuous. We mention again that the representation is called unitary if 
y is a Hilbert space, and the action of H preserves the inner product. 

An invariant subspace is a closed subspace W G V preserved by the 
action of H. We say that V is irreducible if it has exactly two invariant 
subspaces (namely and V, which are required to be distinct). 

The space of smooth vectors in V is 

V°° = {v eV \ the map h-v from to F is smooth}. (2. If) 

There is a natural complete locally convex topology on , and the inclu- 
sion in V is continuous with dense image. The space is preserved by 
the action of H, in this way becoming a continuous representation in its 
own right. It carries at the same time a natural (continuous) real Lie al- 
gebra representation of f)o (equivalently, a complex algebra action of U{\])) 
obtained by differentiating the action of H. These two representations are 
related by 

h ■ {X ■ v) = {M{h)X) ■ {h ■ v) {he H,X ei)o,v eV°^y, (2.1g) 
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or in terms of the enveloping algebra 

h ■ {u ■ v) = {Ad{h)u) ■ {h ■ v) {h£ H,ueU{i)),v £V°^). (2.11i) 

If (vTijVi) and (7r2,l^) are two representations of H, an intertwining 
operator is a continuous linear map respecting the two actions of H: 

T:Vi^V2, TTTi{h) = Tr2{h)T {h e H). (2.1i) 

The vector space of all intertwining operators from Vi to V2 is written 
Homj^ (1/1,^2). 

Intertwining operators are the morphisms in the category of representa- 
tions, and therefore they play a central part. Of particular interest are the 
self- intertwining operators T G Hom//(l/, 1/); for any eigenspace of such an 
operator T is automatically an invariant subspace of V. Here is an applica- 
tion. 

Proposition 2.2. Suppose (vr,y) is a continuous representation of a Lie 
group H. If the corresponding smooth representation (7r°°,y°°) (see ()2.1fp ] 
is irreducible, then vr is irreducible as well. 

For any z G 3(f)) (see (I2.1cp ). the operator Tr°°{z) is an intertwining 
operator for Ti"^ . If any 11°° {z) has any nonzero eigenvector, then either 1:°° 
is reducible, orTT°^{z) is a scalar operator. 

This proposition says that if vr is an irreducible representation, and z G 3, 
then 7r°°(z) "ought to be" a scalar operator; that if it is not, then there is 
some kind of pathological behavior going on, like an operator having no spec- 
tral decomposition at all. Such pathological behavior can certainly happen, 
even in the representation theory of semisimple Lie groups. There is an ex- 
ample due to Soergel in [35]. Harish-Chandra's idea was to use the absence 
of this pathology to define a reasonable category of nonunitary representa- 
tions. Here is his definition. (The definition of "reductive group" is of course 
logically even more fundamental than that of "irreducible representation;" 
but it is less important for understanding the results, and so we postpone it 
to Section [3l) 

Definition 2.3. (Harish-Chandra [9], page 225). Suppose G is a a real 
reductive Lie group. A continuous representation (vr, V) of G is called 
quasisimple if every z G 3(5) ( (12.1cj) ) acts by scalars on . In this 
case the algebra homomorphism 

X7r:3^C, vr(2:) = X7r(z)Idyoo 

is called the infinitesimal character of vr. 
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Harish-Chandra's "good" nonunitary representations are the irreducible 
quasisimple representations. In order to state his basic results about these 
representations, and about how the unitary representations appear among 
them, we need one more bit of technology. The difficulty is that these 
nonunitary representations do not yet form a nice category: there are not 
enough intertwining operators. 

Here is an illustrative example. The group G = 5*1/(2, M) acts by linear 
transformations on M^, and therefore on the real projective space MP^ of 
lines in R^; this is just a circle. On the circle (as on any manifold) we can 
define a complex line bundle >Ci/2 of half densities; a smooth section of £1/2 
may be written as f{6)\d9\'^/'^ , with / a smooth 27r-periodic function. There 
is a natural pre-Hilbert space structure on these sections, with 

/•27r 

{h\de\^'^f2\de\'i^)= / fmhmo- (2.4) 

Jo 

The full group of diffeomorphisms of the circle acts on the space C°°(£^/^); 
the factor transforms by the square root of the absolute value of the 

Jacobian. Consequently this action is by unitary operators, and it extends to 
the Hilbert space completion L^(/^^/^). We can restrict this representation 
to S'L(2,M), obtaining a unitary representation tt^^^. This turns out to be 
an irreducible unitary representation; it is called the "spherical principal 
series with parameter zero." (The word "spherical" refers to the fact that 
there is a vector fixed by the rotation subgroup 5*0(2), namely the standard 
half-density l-\de\^/'^.) 

The difficulty arises because there are many variants of this representa- 
tion. We can for example consider the representation 7r°° on the original 
space C^i^C^^"^); with the standard locally convex topology on C°°, this is 
again an irreducible representation. Or we could require the function f{9) 
to be in LP rather than L^; although the LP norm is not preserved by diffeo- 
morphisms, they still act by bounded operators, and define an irreducible 
representation vr^^^ for 1 < p < 00. (The action 7r(°°) on bounded functions 
is not continuous in the norm.) There is an irreducible representation 
on distribution sections, and one ir'^ on analytic sections. There are 
Sobolev spaces, and functions with a finite number of continuous derivatives. 
In order to get a nice classification of representations, one must regard all 
of these representations as essentially the same; but the questions of what 
intertwining operators exist among the spaces is complicated. (For instance, 
there is a continuous inclusion of in whenever p > q, since the circle 
has finite measure, and therefore an intertwining operator from to tt^'^; 
but there is no nonzero intertwining operator from Tr*^*^^ to tt^^-*.) 
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In the case of the circle, all of these function spaces contain the trigono- 
metric polynomials, and of course the theory of Fourier series offers good 
descriptions of many (not all!) of them in terms of growth conditions on the 
Fourier coefficients. The technical difficulty for doing representation the- 
ory in this way is that the group 5L(2,M) does not preserve the space of 
trigonometric polynomials. Harish-Chandra observed that the action of the 
universal enveloping algebra does preserve trigonometric polynomials, and 
that this property can be generalized to all reductive groups. He showed 
that some part of the group action is determined by differential equations 
involving only these trigonometric polynomials, even though the solutions 
of the equations may have infinite Fourier series. 

Part of Harish-Chandra's definition makes sense in a very general setting. 
Assume again that H is & real Lie group, and fix an arbitrary choice of 

L = compact subgroup of H. (2-5) 

If (vr, V) is any representation of H, we define 

Vl = {v eV \ dim{{TT{L)v)) < oo}; (2.6) 

here {tt{L)v) denotes the span of the vectors tt{1)v as I runs over L. This is 
the smallest L-invariant subspace of V containing v, so we call Vl the space 
of L -finite vectors of it. Let us write 

£ _ f equivalence classes of irreducible 
1^ representations of L 

Using standard facts about finite-dimensional representations of compact 
groups, one finds that 

Vl = ^^V{6), (2.8) 

with 

V{5) = largest sum of copies of 6 in V, 

the space of 5-isotypic vectors in V. There is a natural complete locally 
convex topology on Vl, making it the algebraic direct sum of the subspaces 
V{5); each V{5) is a closed subspace of V. 

Lemma 2.9 (cf. [9j). Suppose V is a representation of a real Lie group 
H, and L is a compact subgroup of H. Then the space Vf^ of smooth 
L-finite vectors ( ()2.1fp . (j2.6p ) is preserved by the actions of L and of f)o 
(equivalently, of U {[))). These two actions satisfy the conditions 
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1. the representation of L is a direct sum of finite- dimensional irreducible 
representations; 

2. the differential of the action of L is equal to the restriction to Iq of the 
action of [}q; and 

3. 1-{X ■v) = (Ad(/)X) ■ {I -v), I e L, X £i)o, V e V^); or equivalently 

4. l-{u-v) = {Ad{l)u) ■ (l-v), I e L, u£ U{t)), V G V^). 
The Lemma is easy to prove. 

Definition 2.10. Suppose L is a compact subgroup of a real Lie group 
H. An L) -module is a complex vector space V that is at the same 
time a representation of the group L and of the real Lie algebra t}Q, 
subject to the conditions in Lemma [2. 91 A morphism of (f)o, L)-modules 
is a linear map respecting the actions of L and of t)o separately. 

Lemma 2.11. Suppose L is a compact subgroup of a real Lie group H. 
Passage to L-finite smooth vectors 

V ^Vf" 

defines a faithful functor from the category of representations to the cate- 
gory of {\:)o, L) -modules. In particular, any (nonzero) intertwining operator 
between representations induces a (nonzero) morphism between the corre- 
sponding L) -modules. 

Again this is very easy. What is much harder (and requires more hy- 
potheses) is proving results in the other direction: that ({)o, -i^)-morphisms 
induce maps between group representations. For that, we return to the 
setting of a real reductive Lie group G. 

Fix once and for all a choice of 

K = maximal compact subgroup of G. (2-12) 

By a theorem of E. Cartan, this choice is unique up to conjugation. One 
maximal compact subgroup of GL(n,R) is the orthogonal group 0(n). If G 
is any real reductive subgroup of GL(n,M) that is preserved by transpose, 
then we may choose K = G Ci 0{n) as a maximal compact subgroup of 
G. (This fact applies to the standard matrix realizations of all the classical 
groups. One can find a proof for example in [19], pages 3-4.) Here are some 
of Harish-Chandra's fundamental results about quasisimple representations. 
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Theorem 2.13. Suppose G is a real reductive Lie group and K is a maximal 
compact subgroup. 

1. Suppose V is an irreducible unitary representation of G. Then V is 
quasisimple. 

2. Suppose V is an irreducible quasisimple representation of G (Defini- 
tion \2.3\) . Then the associated (qq, K)-module (Lemma \2.9\) is 
irreducible. 

3. Suppose Vi and V2 are irreducible unitary representations of G, and 
that ~ ^2K {Q{),K) -modules. Then Vi ~ V2 as unitary repre- 
sentations. 

4. Suppose X is an irreducible {qq, K) -module. Then there is an irre- 
ducible quasisimple representation V of G so that X ~ as {qo,K)- 
modules. 

5. Suppose X is an irreducible (qq, K) -module. Then X is associated 
to an irreducible unitary representation of G if and only if X admits 
a positive definite invariant Hermitian form {,)x- Here "invariant" 
means 

{k ■ V, w)x = {v, ■ w)x, {X ■ V, w)x = -{v,X ■ w)x 

(k e K, X £ 00, v,w £ X) 



Proof. Part [T] is due to Segal |34] . Part [2] is proved in Harish-Chandra 
[9], although it is difficult to point to a precise reference; the result is a 
consequence of Lemmas 33 and 34 and Theorem 5 (on pages 227-228). Part 
[3] is Theorem 8 of p]. Part S] is Theorem 4 of Harish-Chandra [TO]. Part [5] 
is Theorem 9 of [9] □ 

Definition 2.14. Suppose G is a real reductive Lie group and K is 
a maximal compact subgroup. Two representations Vi and V2 of G 
are said to be infinitesimally equivalent if the corresponding (qo,K)- 
modules and (Lemma 12. 9p are equivalent. We define 

G =def {infinitesimal equiv classes of irr quasisimple reps of G} 
= {equivalence classes of irreducible (go, i^)-modules}, 

and call this set the "nonunitary dual of G." The (30, ^)-™odule Vf^ 
is called the Harish- Chandra module of V\ . 
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Harish-Chandra's theorem 12.131 provides a natural containment of the 
unitary dual (jl.ldp in the nonunitary dual 

Gu C G, 

always assuming that G is real reductive. In case G = K \s compact, then 
every irreducible representation is finite-dimensional, and the representation 
space can be given a i^T-invariant Hilbert space structure; so every represen- 
tation is equivalent to a unitary one, and 

We are going to recall in Section [6] the results of Langlands and of 
Knapp-Zuckerman that provide a complete and explicit parametrization of 
the nonunitary dual G. The rest of the paper will be devoted to an algorithm 
for identifying G subset of these parameters for G. 

It is well known that in order to discuss real-linear complex represen- 
tations of a real Lie algebra f)o, it is equivalent (and often preferable) to 
discuss complex-linear representations of the complexified Lie algebra 

[} =def f)o ®R C. (2.15a) 

We will conclude this section with an equally useful way of speaking about 
representations of 

L = compact Lie group. (2.15b) 
For that, we use the algebra 

T)/T \ _ span of matrix coefficients of finite- \ 
def (jij-Qgj^gjQj^al representations of L 

This is an algebra of functions on L (closed under multiplication) because 
of the operation of tensor product of representations. It is an elementary 
exercise in Lie theory that L has a finite-dimensional faithful self-dual repre- 
sentation p. Write Ep for the finite-dimensional space of matrix coefficients 
of p. The Stone- Weierstrass Theorem guarantees that the algebra generated 
by Ep is dense in the continuous functions on L. The Schur orthogonality 
relations then imply that Ep generates R{L). As an algebra of smooth func- 
tions on a compact manifold, R{L) has no nilpotent elements; so R{L) is 
the algebra of regular functions on a complex affine algebraic variety L{C). 
The closed points of L(C) are the maximal ideals of R{L), and these include 
the ideals of functions vanishing at one point of L; so 

L C L(C) (2.15d) 
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We call L{C) the complexification of L. 

For the formulation of the next theorem, we need to recall (see for exam- 
ple [5], §§11-14, or [371, Chapter 11) the notion of a real form of a complex 
affine algebraic variety X(C). Write R{X) for the (complex) algebra of reg- 
ular functions on X(C). Because C/M is a Galois extension, we can define a 
real form as a certain kind of action of the Galois group on R{X). Since the 
Galois group has only one nontrivial element, a real form of X{C) is given 
by a single map (the action of complex conjugation) 

a* : R{X) ^ R{X) (2.16a) 

The map a* has the characteristic properties 

1. cr* is a ring automorphism of R{X): 

'T*ifg) = C7*if)a*{g), a*{f + g) = a*{f) + cj*{g) if,g G R{X)). 

(2.16b) 

2. a* has order 2. 

3. a* is conjugate linear: 

a*{zf) = za*{f) (zeCJe i?(X)). (2.16c) 

Then a* defines an automorphism a of order 2 of the set X(C) of maximal 
ideals in R{X), and the (closed) real points X(R, a) are the maximal ideals 
fixed by a. Because the ring of functions on a variety has no nilpotent 
elements, we can recover a* from a: regarding elements of R{X) as functions 
on X(C), we have 

{a*f){x)=W{^. (2.16d) 
Theorem 2.17. Suppose L is a compact Lie group. 

1. The construction of (j2.15p enlarges L to a complex reductive algebraic 
group L{C). It is a covariant functor in L. 

2. Every locally finite continuous representation tt of L extends uniquely 
to an algebraic representation vr(C) of L{C) on the same space; and 
every algebraic representation of L{C) restricts to a locally finite con- 
tinuous representation of L. 

3. There is unique real form ac o/L(C) with L(K,ac) = L. 
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Conversely, suppose L{C) is a complex reductive algebraic group. There is 
a real form Gc of L{C), unique up to conjugation by L{C), whose group of 
real points L = L(M, cTc) is compact, and meets every component of L(C). 
Then L{C) is the complexification of L. 

In the setting of the theorem, suppose (vr, V) is a finite-dimensional uni- 
tary representation of L with inner product (, ). li u,v (z V , then the matrix 
coefficient 

fu,v{^) =def {TT{i)u,v) 

is one of the spanning functions used to define R{L). The real form in the 
theorem is 

{a*fu,M = W^^)v,u). 
From this one can see that 

L = {^e L{C) I tt{C){£) is unitary, all vr e L„}. 

It follows in particular that L is a maximal compact subgroup of L(C). 

Corollary 2.18. Suppose L is a compact subgroup of a real Lie group H, 
and L{C) is the complexification of L (cf. (|2.15p ). Define an (f),L(C))- 
module by analogy with Definition \2.10\ requiring the representation 0/ f) to 
be complex linear and the action o/L(C) to be algebraic. Then any {1)q,L)- 
module extends uniquely to an (t), L{C)) -module; and this extension defines 
an equivalence of categories from L) -modules to {f}, L{C)) -modules. 

3 Real reductive groups 

Before embarking on more representation theory, we must be more precise 
about the definition of "reductive group," since the detailed description of 
the nonunitary dual is sensitive to details of this definition. 

We begin with a complex connected reductive algebraic group 

G(C). (3.1a) 

Recall that this means a subgroup of the group of n x n invertible matri- 
ces, specified as the zero locus of a collection of polynomial equations in 
the matrix entries and the inverse of the determinant, with two additional 
properties: 

1. G(C) has no nontrivial normal subgroup consisting of unipotent ma- 
trices, and 
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2. G{C) is connected as a Lie group. 

The words preceding the conditions are the definition of "complex alge- 
braic;" the first condition is the definition of "reductive;" and the second 
condition is (equivalent to) the definition of "connected." The first condition 
may be replaced by 

1'. After an appropriate change of basis in C", the group G(C) is preserved 
by the automorphism Uc, 

^cig) = (g*)-' (3.1b) 

(inverse conjugate transpose) of GL(n,C). 

The reason for the equivalence is that the presence of a nontrivial unipotent 
normal subgroup of G{C) implies the existence of a basis in which G{C) is 
block upper triangular, but not block diagonal. On the other hand, block 
upper triangular matrices preserved by conjugate transpose must be block 
diagonal. (This does not easily or immediately prove either direction of the 
equivalence, but it gives some hint of the relationship.) 

Another way to think of the equivalence of l' and 1 is in terms of the 
equivalence of Theorem I2.17t the automorphism Uc is a compact real form 
of G(C). 

A real form of a complex Lie group G(C) is an antiholomorphic Lie group 
automorphism a of order 2: 

a:G(C)^G(C), a'^ = U. (3.1c) 

(Essentially we are repeating the discussion of real forms from (|2.16p . but 
now in the category of analytic manifolds rather than of varieties. For 
reductive algebraic groups, the two categories give rise to exactly the same 
real forms.) Here "antiholomorphic" means that if / is a (locally defined) 
holomorphic function on G(C), then 

ia*f)ig) = mg)) (3.1d) 

is also holomorphic. Clearly the differential at the identity of a real form of 
G(C) is a real form of the complex Lie algebra q: that is, a real Lie algebra 
automorphism of order two carrying multiplication by i to multiplication by 
—i. (But not every real form of the Lie algebra must exponentiate to the 
group.) 

Given a real form a, the group of real points is 

G = G(R,a) = G{C)^, (3.1e) 
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the group of fixed points of a on G(C). Tliis is a real Lie group of real 
dimension equal to the complex dimension of G(C). A real reductive alge- 
braic group is a group of real points G = G(M, a) for a complex connected 
reductive algebraic group. 

This is the class of groups with which we will work in this paper. It is 
fairly to common to work with a somewhat larger class of groups: to start 
with G(M, a) as above, and to allow a real Lie group G endowed with a 
homomorphism 

■k: G ^ G{W,cj) (3.1f) 

having finite kernel and open image. For such a group G, it is still possible 
to formulate the very precise form of the Langlands classification theorem 
that we need. But the unitarity algorithm will use also the Kazhdan-Lusztig 
theory of irreducible characters, and this is not available in the setting ()3.1fp . 
(A number of interesting special cases have been treated, for example in [29j.) 
Once this Kazhdan-Lusztig theory is available, the rest of the proof of the 
unitarity algorithm can proceed as in the linear case. But we will not discuss 
such extensions further. 

Example 3.2. Suppose G(C) is a complex connected reductive algebraic 
group; that is, a subgroup of GL{n, C) satisfying the conditions described 
above. According to the reformulated definition of reductive, we can (af- 
ter change of basis in C") assume that G(C) is preserved by the operation 
(Tc{g) = {g*)~^, the inverse conjugate transpose of g. Clearly cTc is an anti- 
holomorphic involution of G(C), so it defines a real form 

G(M,fTc) = G(C) nC/(n), 

the group of unitary matrices in G(C). Since G(C) is closed in GL{n,C) (as 
the set of zeros of some polynomials), its intersection with U{n) is closed, 
and therefore compact. This real form is called a compact real form of G(C). 
It is unique up to conjugation by an inner automorphism of G(C). 

Example 3.3. Suppose G(C) = SO{n,C), the group of n x n orthogonal 
matrices {g-^g = Id) of determinant 1. Clearly this is an algebraic subgroup 
of GL(n, C), and clearly it satisfies the second condition 1' to be reductive. 
It is not difficult to show that G(C) is connected. Because ^g = for 
g E G(C), the compact real form acts by crc{g) = g; so the group of fixed 
points is 

G(IR, (7c) = SO{n) = {real orthogonal matrices of determinant 1}. 

To construct other real forms, write n = p + q for nonnegative integers p 
and q, and let e{p, q) be the diagonal matrix whose first p entries are +1 and 
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whose last q entries are —1. Then 



a{p, q) = cjco (conjugation by e(p, q)) 

is an antiholomorphic involutive automorphism of G(C): a real form. (The 
key point is that the automorphism Uc fixes e(p, q), so that the two factors in 
the definition of a{p, q) commute.) A little thought shows that G(M, a{p, q)) 
consists of the elements of SO{n, C) that are represented by real matrices in 
the basis {ei, . . . ,ep, ie^+i, . . . , zep+g}. From this it follows easily that 

Gim,a{p,q))c^SO{p,q), 

the group of determinant one real matrices preserving a quadratic form of 
signature {p, q). 

If n = p + q is odd, this turns out to be all the real forms of SO{n, C). If 
n is even and at least 4, there are more (perhaps best understood as groups 
of (n/2) X (n/2) quaternionic matrices). 

Part of the point of this example is to understand what groups are be- 
ing excluded by our convention. One example is the connected semisimple 
group SOe{p,q), the identity component of SO{p,q). There is no difficulty 
in formulating the Langlands classification for this group, and the Kazhdan- 
Lusztig theory works perfectly for it, so our unitarity algorithm could be 
applied; but for convenience we are excluding this group. (Its unitary rep- 
resentations are precisely the constituents of the restrictions of unitary rep- 
resentations of SO{p, q), so they are not difficult to compute from what we 
do.) 

A more serious exclusion is (for p and q each at least 3) the four-fold 
universal cover [SOf,{p, q)]^ ■ This group is not a matrix group, so extending 
our algorithm to apply to it requires a nontrivial extension of the Kazhdan- 
Lusztig theory (parallel to what is done in [29j). 

We conclude with a little structure theory for real reductive groups, 
which will be vital for the formulation of the Langlands classification. 

Theorem 3.4 (Cartan; see for example |20j . Proposition 1.143, or [28], 
Theorem 5.1.4). Suppose G{C) is a complex connected reductive algebraic 
group ( (|3.ip ). 

1. Suppose (To is a real form ofG{C). Then there is a compact real form 
Gc of G{C) that commutes with (Tq. This compact real form is unique 
up to conjugation by G = G(R, co). The composition 

= (jQ o ac (3.4a) 
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is an algebraic automorphism of G(C) of order two; it is called a Car- 
tan involution for the real form ctq. 

2. Suppose 6 is an involutive algebraic automorphism of G(C). Then 
there is a compact real form of G{C) that commutes with do. This 
compact real form is unique up to conjugation by K{C) = G(C)^. The 
composition 

is a real form of G{C), called a real form for the involution 6. 

3. The constructions above define a bisection 

{real forms of G(C)} / [conjugation by G{C)) 
^ {algebraic involutions of G{C)} / (conjugation by G{C)) 

4- The group K = G^ is maximally compact in G. Its complexification is 
the reductive algebraic group 

K{C) = G(C)^ 

5. Write 

00 = to + So 

for the decomposition of the real Lie algebra qq = Lie(G(M, do)) into 
the +1 and —1 eigenspaces of the Cartan involution 9. (In the set- 
ting (I3.1bj) . these are the skew-hermitian and hermitian matrices in 
the Lie algebra, respectively.) Then there is a (K-equivariant under 
conjugation ) diffeomorphism 

K X So ^ G, {k,X) ^ k ■ exp(X). 

The last assertion is a generalization (and also a consequence) of the 
polar decomposition for invertible matrices. The fact that if is a maximal 
compact subgroup follows immediately from this decomposition. 

4 Maximal tori 

Our next serious goal is Langlands' classification of the irreducible (possibly 
nonunitary) representations of a real reductive group. To a first approxima- 
tion, it says that the irreducible representations of such a group are indexed 
by orbits of the (real) Weyl groups on characters of (real points of) maximal 
tori. What requires a little care is the understanding of "maximal tori;" 
that is the subject of the present section. 
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Definition 4.1. Suppose G(C) is a complex connected reductive alge- 
braic group ( ()3.ip ). A (complex) maximal torus in G{C) is a maximal 
connected abelian subgroup consisting of diagonalizable matrices. Au- 
tomatically such a subgroup H{C) is again complex connected reductive 
algebraic. Its character lattice is the group of algebraic group homo- 
morphisms 

X* =def Homaig(^(C),C^). 

This is a lattice (a finitely-generated torsion free abelian group) of rank 
equal to the complex dimension of H{C). The dual lattice 

X* =def Hom(A:*,Z) 

is naturally isomorphic to 

X, ~Hom,lg(C^F(C)), 

the lattice of one-parameter subgroups. 

Suppose now that o" is a real form of G(C), so that G(M, a) is a real 
reductive algebraic group. We say that H(C) is defined over M (with 
respect to a) if it is preserved by a. In that case the group of real points 
of H{C) is 

H = H{R, a) = G{R, a) n H{C) = Gn H{C), 
which we call a (real) maximal torus of G. 

All complex maximal tori in G(C) are conjugate, and all are isomorphic 
to (C^)". There can be more than one conjugacy class of real maximal tori 
in G, and in that case they are not all isomorphic. For example, in the real 
form 5-L(2,R) of 5-L(2,C) there are two real forms of the maximal torus 
C^. One is a{z) = z, with real points M^; and the other is ac{z) = {z)~^ , 
with real points the (compact) circle group. 

Because lattices are built from copies of Z, it is traditional and natural 
to write the group law in X* as +. But the group law in X* arises from 
multiplication of the (nonzero complex) values of algebraic characters, so 
there is always a danger of confusion in the notation. We will try to offer 
warnings about some instances of this confusion. 

The lattice X* is a fundamental invariant of the complex reductive group. 
Our first goal is to describe all of the (continuous) characters — the possi- 
bly nonunitary representations — of a real torus H in terms of this lattice of 
(algebraic) characters of H{C). (This is a way of thinking about the Lang- 
lands classification theorem for the abelian reductive group H.) It will be 
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instructive at the same time to identify the unitary characters within these 
nonunitary representations, since that is the simplest case of the classifica- 
tion of unitary representations at which we are aiming. 

Proposition 4.2. Suppose H{C) is a connected abelian complex reductive 
algebraic group (a complex torus), and X* is the lattice of algebraic charac- 
ters (Definition \4.1\ ). 

1. We can recover H{C) from X* by the contravariant functor 

F(C) ~Hom(X*,C^). 
The complex Lie algebra f) is 

f) ~ X, (g)z C, 
and therefore is in a natural way defined over TL. 

2. Any real form a of H{C) gives rise to an automorphism 9 of order 2 
of X* , by the requirement 

e{X){h) = X(^'\ 

This defines a bisection between real forms and automorphisms of order 
two ofX*. 

3. An automorphism 6 of X* of order two induces an automorphism (still 
called 9) of H{C) of order two, by means of the functor in (1). This 
automorphism is the Cartan involution corresponding to a (Theorem 
\3.4^ . In particular, 9 is trivial if and only if H{M.,a) is compact. 

Proposition 4.3. Suppose H{C) is a connected abelian complex reductive 
algebraic group (a complex torus), X* is the lattice of algebraic characters 
(Definition \4.1\ ), and a is a real form of H{<C). Write 9 for the corresponding 
Cartan involution ( Proposition \4-Sf^ , and H = H(^,a) for the group of real 
points. 

1. The group 

T = H^ 

is the (unique) maximal compact subgroup of H . Its complexification 
is the (possibly disconnected) reductive algebraic group 

r(c) = H{cf. 
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2. Write 

[}o = to + Ck) 

for the decomposition of the real Lie algebra of H into +1 and — 1 
eigenspaces of 9. Then 

io~Homz((X*)^^M), 
00 ^Homz((X*)-^R). 

3. Write 

A = exp(ao), 

the identity component of the maximal split torus of H : the identity 
component of the subgroup of elements h with Oh = h"^ . The group A 
is isomorphic to its Lie algebra, and 

H c^TxA, 

a direct product of abelian Lie groups. 

4- The group of continuous characters of T may be identified with the 
group of algebraic characters ofT(C), and so (by restriction) with a 
quotient of X* : 

f ~ Hoin„,g(r(c), ) ~ x7(i - e)x*. 

5. The group of continuous characters of A is 

a complex vector space naturally defined over Z. Therefore 

Hc^TxAc^ [X*/{1 - e)X*] X [{X*)-^ ®z C], 

a direct product of a finitely generated discrete abelian group and a 
complex vector space defined over Z. 

6. Suppose J = (X,u) eT X A is a parameter for a character of H. Then 
the character is unitary if and only if v is purely imaginary; that is, 
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There is an essential asymmetry between the two factors T and A in 
part (3). The first is the group of real points of an algebraic group. The 
symmetrically defined algebraic group 

^(C) = H{C)-'^ 

is also defined over M, and its group of real points is 

yl(M) = {h(^H\ e{h) = h-^}. 

This group is often disconnected; and 

A = identity component of ^(M). 

(This notation is inconsistent with our general practice of writing unadorned 
Roman letters for groups of real points; we will not make use of the algebraic 
group A(C), so no confusion should arise.) 

Proof. Parts (l)-(3) are just the Cartan decomposition of Theorem 13.41 for 
the abelian case. The first assertion in part (4) (identifying continuous 
representations of a compact Lie group with algebraic representations of its 
complexification) is very general, and in some sense amounts to the way the 
complexification is defined. The second part of (4) is part of the general fact 
that taking algebraic characters is a contravariant equivalence of categories 
from complex reductive abelian groups to finitely generated abelian groups. 

For (5), the characters of a vector group are the same thing as complex- 
valued linear functionals on the Lie algebra; this can be computed from the 
description of the Lie algebra in (2). The linear functional u corresponds to 
the character defined by 

e'^(expX) = e^(^) (X G ao). 

This formula makes it plain that the character is unitary if and only if u 
takes purely imaginary values. (Any character of the compact abelian group 
T is automatically unitary.) □ 

We see therefore that a parameter for a character of H has a discrete part 
(the restriction to T, given by an element of the lattice quotient X* /{I — 
9)X*) and a continuous part (the restriction to A, given by an element of 
the complex vector space a* ) . The complex vector space is naturally defined 
over M (with real points ajj); and the character is unitary if and only if the 
real part of the continuous parameter is equal to zero. These statements are 
the ones we will generalize to all real reductive groups. 
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5 Coverings of tori 

What enters most naturally in the Langlands classification are characters 
not of the real tori H, but of certain double covers 

1 -J- {l,e} H ^ H ^l. 

The reason is that we are interested in versions of the Weyl character for- 
mula, and the Weyl denominator is a function not on the torus but rather 
on such a double cover. Here is the construction we need. 

Definition 5.1. Suppose is a Lie group, n is a positive integer, and 

7 G Hom(iJ,C''), 

an element of the group of (one-dimensional) continuous characters of 
H. The 7/n cover of H is the Lie group 

(Here 7/n is for the moment a formal symbol, recording the defining 
character 7 and the level n of the cover. Despite the absence of 7 and n 
in the notation, the group H depends very much on both of these val- 
ues.) Projection on the first factor defines a surjective homomorphism 
to H; the kernel is isomorphic (by projection on the second factor) to 
the group 

(Cn) — {^1 Cm Cni • • • 1 Cn } 

(with Cn = e^'^^^"') of nth roots of 1 in C^. Therefore H is an n-fold 
cover of H, in the sense that there is a natural short exact sequence 

1^ iCn) ^1. 

The subgroup (Cn) is central. Projection on the second factor defines a 
group character 

(7/n):#^C^ i^/n)ih,z) = z. 

The nth power of this character descends to H, and is equal to 7; that 
is why we call H the "7/n cover." 

Any (reasonable; for example, if H is reductive, "quasisimple" is a 
strong enough hypothesis) irreducible representation tt oi H must send 
Cn to Cn fo'^ some G Z; we say that such a representation has level k. 
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It is easy to check that all level k representations are uniquely of the 
form T (8) k{j/n) for some t ^ H: 

{H)i^ =def {level k irreducibles of H} o k{'j/n) (g) H. 

An expression 71 = 72 + n(p for one-dimensional characters of H 
gives rise to a natural isomorphism 

#(7i/n) #(72/n), (/i, ^ (/i, 

In order to introduce the coverings we need, we recall now the funda- 
mental structure theory of complex reductive groups. 

Definition 5.2. Suppose G(C) is a complex connected reductive alge- 
braic group, H{C) is a maximal torus, and X* is the lattice of algebraic 
characters of H(C). Write 

R = R{G{C),H{C)) CX* 

for the finite set of nonzero weights of the adjoint representation of 
-ff(C) on Q, the roots of H{C) in G(C). Attached to each root a there 
is a three-dimensional subgroup 

^a - SL{2,C) G{C), 

an algebraic group homomorphism with finite kernel satisfying 

(;^)c( (diagonal matrices) C H{C), 7^ d^Q, ^ ^ ^ Qa- 

These conditions characterize (pa uniquely up to conjugation by diago- 
nal matrices in 5-L(2,C), or by H{C). In particular, they characterize 
uniquely the coroot corresponding to a, 

a^:C^^i/(C), a^(z)=dcf0a((Q f-^ 

Write 

^ R^{G{C),H{C)) C X^ 

(notation as in Definition 14. ip for the set of coroots. 
Attached to the root a is the root reflection 

G Aut(X*), Sa(A) = A - (A,a^)a. 
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This reflection acts also (by transpose) on X*, and by extension of 
scalars on i)* = X* (g)^ C and i) and H{C). The group generated by all 
reflections is the complex Weyl group 

W(G{C),H{C)) = (s„ I a G R{G,H)) c Aut(X*). 

This group may also be described as 

W{G{C),H{C)) = NGic)iH{C))/H{C) C Aut(i7(C)), 

the group of automorphisms of H(C) arising from G(C). 

Suppose C i? is a choice of positive roots (see [15], 10.1). Define 

2p = 2p{R+) = ^ aeX*, 

Write n = n(i?'^) for the corresponding set of simple roots ([IS]; 10.1). 
Then (|15]. Lemma 13. 3A) 

U = {a£R\ {2p,a^) = 2}. 

Consequently all coroots take nonzero even integer values on 2p\ the 
positive coroots are those taking positive values on 2p; and the simple 
coroots are those taking the value 2 on 2p. 

We pause here for a moment to recall Harish-Chandra's description of 
the center of the enveloping algebra 3(0) (|2.ip . 

Definition 5.3. In the setting of Definition 15. 2) suppose R'^ is a choice 
of positive roots. Write 

n = n(i2+) = ^ 0„, 
n- = n(-i?+) = ^ 0_a, 

a&R+ 

h = b{R+) = f} + n 
for the corresponding maximal nilpotent and Borel subalgebras, so that 

= e I) e n 

is a triangular decomposition. The Poincare-Birkhoff-Witt theorem 
then decomposes the universal enveloping algebra as a vector space 

C/(g) = Uin-) (g) Uit)) <S) C/(n), [/(fl) = U{b-) ?7(g)n. 
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Write 

f : U{q) ^ U{b-) 

for the (linear) projection corresponding to the last direct sum decompo- 
sition. Then Harish-Chandra observes that the direct sum is preserved 
by the adjoint action of t), and therefore 

i: UiQ)^ ^ [/(b-)" = [/({)). 

Furthermore this restriction is an algebra homomomorphism, the un- 
normalized Harish-Chandra homomorphism. Since f)) is an abelian Lie 
algebra, 

U{t)) ~ S{t)) ~ polynomial functions on f)*; 
so every o" G f}* gives rise to an algebra automorphism of U{1)) 

To- = translation by a, T(t{Z) = Z — cr{Z) (Z G {)). 
The normalized Harish-Chandra homomorphism is 

e: t/(g)''^c/(f)), e(^) = Tp(e»). 

Here p G t}* (Definition I5.2p is half the sum of the roots in For any 
A G f)*, the infinitesimal character A is the algebra homomorphism 

Cx ■■ 3(0) ^ C, Uz) = C(z)(A) = |(z)(A - p). 

Here we identify U{[}) with polynomial functions on t}* . 

Theorem 5.4 (Harish-Chandra; see [15J, 130-134). . Suppose H{C) C 
G{C) is a maximal torus in a connected reductive algebraic group; use the 
notation of Definition 15. 3i The Harish-Chandra homomorphism ^ is an 
algebra isomorphism 

e:3(0)^^(fl)^(^(^)'^(^). 

Consequently 

1. the homomorphism ^ is independent of the choice of positive root sys- 
tem in its definition; 

2. every algebra homomorphism from 3(5) to C is of the form for some 
A G t)*; and 
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3. = if and only if X' G W{G{C),H{C)) ■ A. 

Algebraically the most complicated questions in representation theory 
concern the integral weights X* C f)*. The key to the arguments of this 
paper is deformation: understanding the behavior of representation theory 
in one-parameter families. Because of these two facts, we will make a great 
deal of use of 

Definition 5.5 ([38J, Definition 5.4.11). Suppose we are in the setting 
of Definition 15.21 Recall from Proposition 4.2 the identifications 

f) ~ X, 0z C, r ^X*^zC 

exhibiting f) as canonically defined over Z. This means in particular 
that ~ is canonically defined over R; we write 

the canonical real form of f}. Clearly these spaces are preserved by the 
action of the Weyl group. The infinitesimal character is said to be 
real if A G ^j^e- By Theorem 15.4^ 3). this property is independent of the 
choice of A representing the infinitesimal character. 

A real infinitesimal character must indeed be real- valued on the form of 
3(0) defined by the split real form of G(C), but this is neither a sufficient 
condition to be real nor (as far as we know) an interesting one. 

Lemma 5.6. In the setting of Definition [5^ suppose R-\- and (i?"^)' are 
two choices of positive root system, with corresponding sums of positive roots 
2p and 2p' . 

1. There is a homomorphism 

e:W{G{C),H{C)) ^ {±1}, e{so,) = -I {a e R). 

2. There is a unique element w € W{G, H) (depending on and {R'^)' ) 
such that w{R+) = (-R+)'. 

3. Define 

S = {aeR+ \ a^{R+y}, 2/>(5) = ^ a € X*. 
Then 2p' = 2p-4/>(5). 
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4- The p and p' double covers of H{C) (Definition \5. 1\) are canonically 
isomorphic. We may therefore speak of "the'' p double cover of H{C) 
without reference to a particular choice of positive root system. 

The notation introduced in Definition 15.11 says that we should call the 
coverings in (4) the "2/9/2" and "2/?'/2" covers. We prefer either to think 
of p as an abbreviation for the formal symbol 2/3/2, or else simply to abuse 
notation in this way. Consistent with this convention, we will also write p 
for the character of this double cover that is called 2p/2 in Definition 15.11 

Proof. Part (1) is |15j . Exercise 6 on page 54. Part (2) is [15], Theorem 
10.3. (Notice that this says that W{G, H) acts in a simply transitive way 
on positive root systems for R.) Part (3) is almost obvious: what matters 
is that the roots appear in pairs {±a}, and that a positive system picks 
exactly one root from each pair. Part (4) follows from (3) and from the 
discussion at the end of Definition 15.11 □ 

For real groups, the character p is not quite the most useful one. In 
Mackey's definition of unitary induction there appears the square root of 
the absolute value of the determinant of an action of a reductive subgroup 
(on the cotangent space of a real flag variety). This determinant is essen- 
tially a sum of positive roots, so the square root gives something close to 
p; but the absolute value has no parallel in what we have done so far. In 
[1] there is a systematic use of the "p double cover" of maximal tori. The 
absence of Mackey's absolute value requires a complicated correction (see 
Definition 11.6 of [Ij). In this paper we will adopt a slightly different ap- 
proach, introducing a slightly complicated modification of p to define the 
covering, and as a reward getting a simpler formulation of the Langlands 
classification in the next section. 

Definition 5.7. Suppose G{C) is complex connected reductive alge- 
braic group endowed with a real form ctq (cf. (|3.ip ) and a Cartan 
involution 6 (Theorem 13. 4p . Suppose that H{C) is a maximal torus 
defined over R. After conjugating by G, we may assume that H is also 
preserved by 9] the shorthand is that "ff is a ^-stable maximal torus 
in G." Define 

W{G, H) = Ng{H)/H ~ Nk{H)/H r\K <z Aut(F), 

the real Weyl group of H in G. Because of the second description of 
the complex Weyl group in Definition 15.21 it is clear that W{G, H) C 
W{G{C),H{C)). 
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Write 

R = R{G{C),H{C)) CX* 

for the roots (Definition 15. 2p . These roots fall into three classes (each 
of which is preserved by the real Weyl group W{G,H)). 

a) the real roots R^, those defining real- valued characters a of H (or 
equivalently of the Lie algebra f)o)- Equivalent conditions are 

ao{a) = a, 6{a) = —a. 

The real roots are a root subsystem, a Levi factor of R. 

b) the imaginary roots RiR, those defining unitary characters 13 of H (or 
equivalently, purely imaginary- valued characters of the Lie algebra f)o)- 
Equivalent conditions are 

ao(/3) = -13, 0{/3) = f3. 

The imaginary roots are a root subsystem, a Levi factor of R. 

c) the complex roots Rq, those which are neither real- valued nor unitary. 
Equivalently, these are the roots taking neither real nor purely imagi- 
nary values on the Lie algebra f)o- Complex roots appear in four-tuples 
of distinct roots 

{6, aoi6), -6, -aoi6)} = {6, -0(6), -6, 0(6)}. 

Recall from Definition 15.21 the algebraic group homomorphism 

^a - SL{2,C) G{C). 

If a is real or imaginary, then the real form ctq and the Cartan involution 
9 both preserve the image of (j)a- It follows easily that these automor- 
phisms pull back to a real form cTq, of SL{2,C) and a corresponding 
Cartan involution 0a: 

(l^aMg)) = MMg)), M^aig)) = eiMg)) (a e sl{2, c). 

If a is imaginary, then the diagonal torus in SL(2, C) is compact for 
(Ta- We may conjugate (j)a so that cJq defines either SU{1, 1) (in which 
case we say that a is noncompact) or SU(2) (in which case a is called 
compact). If a is real, then the diagonal torus is split, and we may 
conjugate (f)^ so that cJq, defines the real form SL{2,M). 
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If a is a real or imaginary root, define 




-1 






-1 




an element of order (one or) two in T. 

If 6 is complex, the sum 5 + cro{S) takes positive real values on H, 
and therefore has a distinguished positive-valued square root 



Similarly, the difference 6 — cro(5) is a unitary character of H, and 
has a distinguished unitary square root 



We will eventually need Knapp's detailed description of the real Weyl 
group W{G,H). The notation can be a little confusing: the complex roots 
Rc of Definition 15.71 are not a root system, but in this proposition we will 
consider a (small) subset Rc that is a root system. 

Proposition 5.8 (Knapp; see [l2]. Proposition 4.16). With notation as 
in Definition \5.1\ fix positive root systems and i?^ for the real and 
imaginary roots, with corresponding half sums pjj and in fj*. Define 



1. The root system Rc is 6 -stable and complex (|42i| . Definition 3.10). 



]^{5 + a,{5))^H. 




Rc = {a ^ R \ /OR(a^) = Pm{oi^) = 0}. 



That is, it is the sum 
are interchanged by 0. 




2. 



We have 



W{Rc)^ = {{w^Ow) I w G W{R^)} C W{R^) x W{R^)] 



this description shows that 



WiRcf ^ W{R^). 
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4. The real Weyl group W{G,H) is a subgroup of W{G{C), H{C)f . The 
first two factors in (3) are contained in W{G,H). Consequently 

W{G,H) = WiRcY X [W{Rr) X W{G^,H)]. 

Here 

W{G^, H) = W{Ri^) n W{G, H) 

is the subgroup of the imaginary Weyl group having representatives in 
G (or equivalently in K). 

In general we follow a long tradition and write the group structure on 
one-dimensional characters additively, even though values of the character 
are being multiplied. In Lie theory this is particularly attractive when we 
are identifying certain characters (like roots) with linear functionals on the 
Lie algebra; we write addition on either side of this identification, even 
though there is an exponential map involved. But in the following lemma 
we are taking absolute values of some roots, so the tradition would require 
us to write addition of absolute values when we mean multiplication. This 
exceeds our (admittedly large) capacity to tolerate abuse of notation. We 
will therefore write group characters multiplicatively in this lemma. 

Lemma 5.9. In the setting of Definition \5. 7\ suppose R^ is a choice of 
positive root system. 

1. Define a character 2/Jabs = 2/9abs(-R^) of H by 





1 \ 


( \ 




2pabs(/l) = 


n 


n 


n '^(^)] 








\seR+ J 



This character differs only by factors of ±1 from 2p; in particular, it 
has the same differential as 2p. 

2. In the definition of the character 2/>abs; eac/i factor in the first prod- 
uct has a distinguished square root \a\^^'^ ; and the factors in the third 
product fall into pairs {6,ao{6)} or {6, —ao{6)} . The product of each 
such pair of factors has a distinguished square root (Definition |5. ?| ). 
Consequently the quotient [2pahs\['^PiR\~^ (the second factor being the 
inverse of the product of the positive imaginary roots) has a distin- 
guished square root. 
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3. The pabs-double cover of H (Definition \ 5.1\) exists, and is naturally 
isomorphic to the pi-^- cover defined by the "half sum" (that is, the 
square root of the product) of positive imaginary roots. 

4. There is a homomorphism 

e«: W{G,H)^{±1}, 

6'Ir(?J7) ( -^'j#{i™-<'-gii^cii'y roots changing sign under w} 

5. Suppose (R'^y is a second choice of positive roots. Define 

S = {aeR+ \ {R+Y} = SrU SiM U 5c 

2/>abs(5) = n i«i • n ^ ^ ^• 

Then 2p'^bs = 2/Oabs • [2p^bs{S)]-^ . 

6. The Pahs o.nd p'^T^^ double covers of H (Definition \5.1\) are canonically 
isomorphic. We may therefore speak of "the" pa.hs double cover of H 
without reference to a particular choice of positive root system. 

The proof of Lemma 15.91 is parallel to that of Lemma 15.61 We omit the 
details. 

Definition 5.10. Suppose we are in the setting of Definition l5.7[ Write 
H for the /Oabs-double cover of H, 

I ^ {1,-1} ^ H ^ H I 

as in Lemma [5.9[ Fix a positive root system R^ for H in q, and therefore 
a character 

Pahs-H^C\ 

A Weyl denominator function is the level one (that is, the central ele- 
ment — 1 acts by —1) function 



Dih) = /)abs(/l) 



( \( 



(Here h ^ H is the image of h under the covering map.) From this 
formula it is clear that D{h) if and only if h is regular; that is, if 
and only if a{h) 7^ 1 for all a (z R. 
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An easy calculation shows that replacing i?+ by a different positive 

system {R'^y changes -D by a sign (namely —1 to the mimber of non-real 
roots that change sign). Consequently there are at most two possible 
Weyl denominator functions on each Cartan subgroup, differing by a 
sign. 

The absolute values appearing in the product above are in some 
sense not so important. We will be using the Weyl denominator to 
describe character formulas, and these formulas take their nicest form 
on the subset 

H+ = {heH\ \a{h)\>l (aGi?+)}. 

(Notice that every W{RR)-OThit in H must meet .) On H+ , all of 
the factors 1 — a{h)~^ (for a G R^) are nonnegative; so the absolute 
value could be omitted there. 

With the Weyl denominator functions in hand, we can begin to under- 
stand the nature of the parameters appearing in the Langlands classification 
of irreducible representations. Perhaps the easiest way to describe the Lang- 
lands classification (if not the easiest way to prove it) is by Harish-Chandra's 
theory of distribution characters. In order to talk about distributions on 
manifolds, where there is no natural identification of functions with smooth 
measures, it is useful to be a little careful. Recall first of all that a test 
density on a manifold M is a compactly supported complex- valued smooth 
measure T on M. A generalized function on M is a continuous linear func- 
tional on the space of test densities. For example, any locally measurable 
function f on M defines a generalized function, by the rule 

/(T) = / f{m)dT{m). 

JM 

Definition 5.11. Suppose (tt, F) is a continuous representation of a 
Lie group G. Every test density T on G defines a continuous linear 
operator 

7r(T) = / 7r{g)dT{g) G End{V). 
JG 

These operators are typically much "nicer" (in terms of decay proper- 
ties) than the operators TT{g), because the integration against T is a 
kind of smoothing. We say that tt has a distribution character if the 
operators tt{T) are all trace class, and the linear map 

e^(r) = tr(7r(r)) 
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is continuous on test densities. (This requires that F be a space on 
which there is a reasonable theory of traces of endomorphisms; for our 
purposes Hilbert spaces will suffice.) In this case the generalized func- 
tion 0,r is called the distribution character of vr. 

Notice that if vr is finite-dimensional, then 0^ is the ordinary continuous 
function ti{Tr{g)) on G . If vr is infinite-dimensional and unitary, then the 
unitary operators 7T{g) are never of trace class, so tr{TT(g)) is not defined for 
any g. That is why the following theorem of Harish-Chandra is remarkable: 
it attaches a meaning to tr(7r(5f)) for most g. 

Theorem 5.12 (Harish-Chandra and others). Suppose G is a real reductive 
Lie group, and (vr, V) is a quasisimple representation of finite length on a 
Hilbert space V. 

1. For every test density T , the operator 'k{T) is of trace class. The 
resulting linear functional on test densities is continuous, so that the 
character 

e.(T) =de/tr(^(T)) 
is a well-defined generalized function on G. 

2. The generalized function is given by a locally L} function on G, 
which is analytic on the open subset of regular semisimple elements. 

3. Suppose H <Z G is a Cartan subgroup. Fix a set of positive roots 
for the system of real roots of H in q. Since each real root takes 
real values on H , we can define 

H+ = {h£H\ \a{h)\ > 1 (q G R^)}. 

Write H for the p double cover of H (Lemma \5. Oj) . and D for a Weyl 
denominator function on H (Definition I5.i0)) . Then the product D ■ 
07r|_ff (o-n analytic function on the set of regular elements of H) is 
equal on -ff^g ^ finite integer combination of characters of H: 

&Ah)={ Yl <^^{l)l{h)) / D{h) {h^H+g). 

The subscript 1 on {^H)-^ (Definition 15. ip is "level 1," meaning that the 
characters take the value —1 on the central element —1 of the cover. There- 
fore both the numerator and denominator are "level 1" functions, so the 
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quotient is "level 0" and defines a function on H. The simplest example 
of this formula is the Weyl character formula for the 2j + 1-dimensional 
representation iT2j+i of SO{3), which is 



In this formula, the numerator and denominator are well defined only on the 
double cover of the maximal torus. Nevertheless we like this formula because 



it is very simple. (It is the formula of Theorem 15.12( 3) with numerator and 

denominator each divided by 2i.) 

Proof. Part (1) is in [11], pages 243-245. The analyticity in part (2) is the 
main result of [12j : now that distribution theory is a familiar tool, (2) is 
a routine "elliptic regularity" argument. But the proof that 6,^ actually 
coincides with integration against this function is much deeper, and was 
achieved only in [13j . 

Part (3) is difficult to attribute properly. The fact that the numerator 
looks locally like a trigonometric polynomial on H is due to Harish-Chandra, 
and is proved in [12]. Harish-Chandra's arguments, which proceed by solving 
differential equations, allow also terms with a polynomial dependence on h. 
That these polynomials are always constant was first proved in [8]. 

Proving that the coefficients in (3) are actually integers is best accom- 
plished by realizing the numerator as the trace of the action of on a virtual 
representation of H. To write down such a virtual representation, fix first 
of all a Cartan involution 6 on G preserving H. Let n~ C g be the sum of 
the negative root spaces for some positive root system i?+ D R^. Then the 
Lie algebra cohomology spaces HP{n~ ,V^) with coefficients in the Harish- 
Chandra module of V (Definition I2.14p are finite-dimensional {i),H n K)- 
modules. (The finite-dimensionality requires proof; this is provided in [l4j 
and |40].) According to Theorem l2.13| finite-dimensional (f), //n-ftr)-modules 
may be identified with representations of H. The numerator of the character 
formula in (3) is the character of the virtual representation of H 



Here C - is the space of the defining character p^-^^ of H (Lemma 15. 9p , 

^ abs 

with respect to the positive root system consisting of the roots R~ in n~. 
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The first very general result of this nature is the main theorem of yjj; 
that result allows one to reduce (3) to the case of a compact Cartan subgroup 
H. A parallel result [30], Theorem 8.1 allows reduction of (3) to the case of 
a split Cartan subgroup. Applying these two results in succession (in either 



6 Langlands classification and the nonunitary dual 

We can now give a precise formulation of the classification of the nonuni- 
tary dual G. This is extremely important, since we are going to explain 
how to compute the unitary dual as a subset of the nonunitary dual. The 
most familiar case of the Langlands classification is for compact connected 
Lie groups: in that case the irreducible representations are in one-to-one 
correspondence with orbits of the Weyl group on the lattice of characters of 
a maximal torus. (The correspondence sends an irreducible representation 
to its set of extremal weights.) We will use a slightly different version of this 
correspondence, in which an irreducible representation of a compact group 
corresponds to the (Weyl group orbit) of terms in the numerator of the Weyl 
character formula. This modified correspondence extends to real reductive 
groups fairly easily and completely. Just as for compact groups, it says (ap- 
proximately) that the irreducible representations are indexed by orbits of 
the Weyl groups on characters of (the /o-coverings of) maximal tori. The 
implementation (approximately) says that a representation corresponds to 
some character appearing in the numerator of the Weyl character formula 
(Theorem I5.12p for the representation. 

What is needed to make this precise is a way to pick out a "preferred" 
term in the Weyl character formula. (In the case of compact G, all the terms 
belong to the same Weyl group orbit, so no choice is necessary.) Langlands' 
idea in the noncompact case was to pick a term with largest growth at 
infinity as the preferred term. His original version in [23] made a clean and 
precise connection between growth and the classification; but at the same 
time lumped together several different representations. Subsequent work 
(notably |22j ) refined this into a precise classification of representations, but 
at the expense of obscuring slightly the connection with character formulas. 
Here is a statement. There is a closely related result on page 234 of [30] ; but 
the emphasis there is on reducibility of standard tempered representations, 
so it is difficult to extract exactly what we want. The best reference we 
know is |T]; but the formulation here is a bit different. The main change is 
that we have modified the covering of H. This change means that we no 




□ 
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longer need to keep track of a choice of positive real roots; the definition of 
Langlands parameter here is accordingly simpler than in [1]. 

Theorem 6.1 (Langlands classification; see [1], Chapter 11). Suppose G 
is the group of real points of a connected complex reductive algebraic group 
(cf. (j3.ip )■ Then there is a one-to-one correspondence between infinitesimal 
equivalence classes of irreducible quasisimple representations of G (Defini- 
tion \2.14\ ) and G-conjugacy classes of triples ("Langlands parameters") 

subject to the following requirements. 

1. The group H is a Cartan subgroup of G: the group of real points of a 
maximal torus of G{C) defined over M. 

2. The character 7 is level one character of the pabs double cover of H 
(Definition \5.1[ Lemma \5.9\) . Write dj G f}* for its differential. 

3. The roots R'^ are a positive system for the imaginary roots of H in g. 

4. The weight d'y is weakly dominant for R'^- 

5. If is real and {d'y,a'^) = 0, then ^c\{n^a) = +1 (Definition \5. 7\ ). 
(Here 7q is a "p-shift" of j defined in ( |9.3gP below.) 



6. If (5 is simple for R'^ and {d'y, (3'^) = 0, then j3 is noncompact. 

This one-to-one correspondence may be realized in the following way. At- 
tached to each (equivalence class) of Langlands parameters T there is a "stan- 
dard (limit) (qq, K) -module" I{T) = /quo(r), which has finite length. This 
module has a unique irreducible quotient module J{T); the correspondence 
is r o J(r). (Alternatively, there is a standard module /sub(r) having J{T) 
as its unique irreducible submodule. The two standard modules /quo(r) CLiT'd 
/sub(r) have the same composition factors and multiplicities.) 

The irreducible J{T) and the corresponding standard modules all have 
infinitesimal character d'y ^ \]* . 

Definition 6.2. In the setting of Theorem 16. H the set of G-conjugacy 
classes of triples F = {H, 7, R'^^ satisfying conditions (l)-(6) is called 
the set of Langlands parameters for G, and written n(G). 
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Occasionally we will need some generalizations of the Langlands param- 
eters in Theorem 16. 11 Conditions (l)-(3) are essential to make the construc- 
tion of /(r) described below; conditions (4)-(6) are imposed so that I{T) 
has additional nice properties. We record here some basic facts about these 
generalizations. 

Definition 6.3. In the setting of Theorem 16. 11 a triple T = (if, 7, i?^) 
satisfying conditions (l)-(3) is called a continued Langlands parameter. 
The set of equivalence classes of such parameters is written Ilcont{G). 

Attached to each F G ncont(G) there is a continued standard (vir- 
tual) {QQ,K)-module /(F) of finite length. (The construction of /(F) 
involves some cohomological functors, and in this setting the functors 
may be nonzero in several different degrees. The virtual representation 
/(F) is the alternating sum of these functors.) 

If in addition F satisfies condition (4) , then F is called a weak Lang- 
lands parameter. The set of weak parameters is written n„eak(G). 

Under this hypothesis there is a vanishing theorem, and one can 
construct weak standard [qq, K) -modules /quo(r) and /sub(r)- A weak 
standard module is always a direct sum of a finite number (possibly 
zero) of standard modules. For any weak Langlands parameter F, we 
can therefore define the Langlands quotient representation J(F) to be 
the corresponding direct sum of irreducible representations; this is the 
cosocle of /quo(F), or equivalently the socle of /sub(r). 

If F does not satisfy condition (4), then we do not know any rea- 
sonable way to define J(F). 

In order to understand where the restrictions on F come from, we recall 
Langlands' construction of /(F). Write MA for the Langlands decomposi- 
tion of the centralizer of A in G. (This centralizer is the group of real points 
of a connected complex reductive algebraic group, but the factors M and 
A need not be. Our chosen perspective would therefore prefer not to make 
this factorization, but it is traditional and some of us are nothing if not 
hidebound.) The compact group T is a compact Cartan subgroup of M, 
and the parameters 

A = (r,7|T,/?i) (6.4a) 

are (according to conditions 1-4 of Theorem 16. ip Harish-Chandra parame- 
ters for a limit of discrete series representation D(A) G M. A construction 
of D{A) by Zuckerman's cohomological induction functors is a special case 
of Theorem 19.41 If "weakly dominant" is strengthened to "strictly domi- 
nant" in condition 4, we get a discrete series representation. If condition 4 
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is dropped, then the vanishing-except-in-one-degree statement of Theorem 
19.41 can fail, so D(A) becomes only a virtual representation (see Definition 
lOD. 

For a weak parameter T (that is, assuming condition 4) condition 6 is ex- 
actly what is required to make D{A) nonzero. (The fact that -D(A) = if dA 
vanishes on a compact simple coroot is the simpler of the eponymous char- 
acter identities of [,33J.) So condition 6 is needed to get a nonzero standard 
representation. 

Now write 

= G 1 (6.4b) 

for the (possibly nonunitary) character of A defined by T. (The character 
2/9jR (sum of the positive imaginary roots) is trivial on A. According to 
Lemma 15.9( 3). it follows that the level one character 7 € {H^^ may be 

regarded as a pair (A, v), with A G (T)^ and u € A.) 

Choose a parabolic subgroup P = AIAN of G making (the real part of) ly 
weakly dominant for the weights of a in n. Then the standard representation 
of Theorem 16.11 may be realized as 

/quo(r) = Ind^ D{A) ® 1 (6.4c) 

(The dominance requirement does not specify P uniquely, but all choices give 
isomorphic standard representations. Replacing P by the opposite parabolic 
subgroup P°P replaces /quo(r) by /sub(r).) If condition 5 fails in Theorem 
16.11 then there is a real coroot a"^ with (^7, a^) =0; equivalently, (z^, a"^) = 
0. Possibly after modifying P, this coroot defines a parabolic subgroup 

Pa = M^AaNa D P. (6.4d) 

Induction by stages realizes the standard representation I{T) as 

Vo(r) = Ind^, [lndM{^nM<,){iVnM„) ^(A) 1 l] ® z^U„ ® 1- (6.4e) 

The fact that the inner induction involves the trivial character 1 of A PI 
Ma is precisely the condition {y,a^) = 0. The inner induction to Ma 
is therefore unitary induction. We claim that when condition 5 above fails 
(that is, when 7q(ma) = —1) then this induced representation may be written 
(using the first character identity of |33) ) as a sum of one or two standard 
representations attached to the (more compact) Cartan subgroup obtained 
from H by Cayley transform through the real root a. In case G = SL{2), 
this claim is just the familiar fact that the nonspherical principal series 
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representation with continuous parameter zero is a sum of two limits of 
discrete series. More generally, when the Cartan subgroup H is split, the 
group Ma is locally isomorphic to S'L(2,R), and the claim again reduces 
to SL{2). In general, one can realize the standard representation I{T) by 
cohomological induction from a split Levi subgroup of G (see Section ^ and 
in this way reduce to the case when H is split. 

The conclusion is that when condition 5 fails, the standard representation 
/(r) may be realized as a direct sum of one or two representations attached 
to weak parameters T' on a Cartan subgroup with strictly larger compact 
part. That is, imposing condition 5 seeks to make a canonical realization of 
/(r): one attached to the most compact Cartan subgroup possible. These 
remarks do not prove that the realization is canonical, but this turns out to 
be the case. 

This discussion of the realization of I{T) suggests the following defini- 
tions; we will use them constantly in analyzing unitary representations. 

Definition 6.5. Suppose G is the group of real points of a connected 
complex reductive algebraic group (cf. (j3.ip ). A discrete Langlands 
parameter is a triple A = (T, A, R^), subject to the following conditions. 

1. The group T is the maximal compact subgroup of a Cartan subgroup 
H ofG (Proposition SJ]). 

2. The character A is a level one character of the pis. double cover of T 
(Definition 15. H Lemma IQI) . (Write dX G t* for the differential of A.) 

3. The roots are positive roots for the imaginary roots of H in g. 

4. The weight dX is weakly dominant for R^. 

5. If /3 is a simple root of i?^ and (dA,/?^) = 0, then /3 is noncompact. 

Two discrete Langlands parameters are called equivalent if they are 
conjugate by G. The set of equivalence classes of discrete Langlands 
parameters is written 

ndisc(G'). 

Alternatively, one can define discrete Langlands parameters up to 
K{C) conjugacy using the 0-fixed subgroup T(C) of a 0-stable maximal 
torus H{C). The i^(C)-equivalence classes in this alternate definition 
are in one-to-correspondence with the G-equivalence classes above, the 
equivalence being implemented by choice of a ^-stable representative in 
the G-class. 

A discrete parameter A is called final if in addition it satisfies 
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6. If is real, then Aq(ma) = 1 (see ( |9.3gP ) 



We write nfin disclC) for the set of final discrete parameters. Suppose 
now that A = (T, A, R^) is a discrete Langlands parameter for G. A 
continuous parameter for A is a pair {A,i/), subject to the following 
conditions: 

1. The group A is the vector part of a real Cartan subgroup H with 
maximal compact T (Proposition I4.2( ) . 



2. is a (possibly nonunitary) character of A; equivalently, E A ~ a*. 

3. If a"^ is real and (j/,a^) = 0, then Xq{ma) = +1 (( [93gl )). 

Two such continuous parameters are called equivalent if they are con- 
jugate by the stabilizer A^(A) of A in G(M). 

Proposition 6.6. Fix a discrete Langlands parameter A = (T, A,i?^), and 
a real Cartan subgroup H{M) = TA. Define 

W^ = {w £ W{G, H)\wA = A}, 

the stabilizer of A in the real Weyl group (Definition \5. 7\ ). 

1. Introduce a "L/TL- grading on the real coroots i?J^ by (notation ( |9.3g ) ) 

is odd <^=^ Aq{ma) = — 1- 
Then the set of equivalence classes of continuous parameters for A is 



U ker(a^)j 

real odd J 



2. Write C{A) for the set of lowest K-types (|38|, Definition 5.4-18) of 
the standard representations I{A,u) (with v a continuous parameter 
for A). These K-types all have multiplicity one in I{A,v), and they 
all appear in the Langlands quotients J{A,u). 

3. The element Q £ A is a continuous parameter for A if and only if A is 
final. In this case C{A) consists of exactly one irreducible representa- 
tion n{A) € K. 
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4- The Langlands quotient J(A, u) is tempered if and only if v ^ ~ ia^ 
is a unitary character. In this case (and still assuming u is a contin- 
uous parameter for A ) the standard representation /(A, u) is unitary 
and irreducible. 

5. The infinitesimal character of the Langlands quotient J(A, v) is real 
i^[38j , Definition 5.4-11) if and only if u ^ is a real-valued character. 

6. The standard representation /(A, v) is reducible only if either 

a) there is a real root a such that 

(i.,a^)GZ\{0}, A,(m«) = 

or 

b) there is a complex root 5 such that {{dX,i'),5'^) G Z, and 

{u,6'')>\{dX,6'')\. 

Proof. The description of continuous parameters in (1) is just a reformu- 
lation of Theorem 16.11 The statement about lowest i^-types in (2) largely 
comes from Theorem 6.5.12 in [38], although some translation of language 
is needed to get to this formulation. The first assertion in (3) is immediate 
from (1), and the rest can be deduced from Theorem 6.5.12 in [38j . (This is 
the central idea in |44|.) 

For (4), that the Langlands quotient is tempered if and only if the con- 
tinuous parameter is unitary is part of Langlands' original result. The fact 
that the standard representation is irreducible (under the assumption that 
the unitary continuous parameter does not vanish on any real odd root) is a 
very special case of (6). Part (5) is immediate from (and in fact motivates) 
the definition of real infinitesimal character. Finally (6) is the main theorem 
of [36]. □ 

The point of the proposition is to describe the shape of the nonunitary 
dual of G. It is a countable union (over the set of equivalence classes of 
discrete Langlands parameters A) of connected pieces. Each connected piece 
is a complex vector space a* , minus a finite collection of hyperplanes through 
the origin (defined by the odd real coroots), modulo the action of a finite 
group W^. (At the missing hyperplanes, the standard representations can 
be rewritten as a direct sum of one or two standard representations attached 
to a more compact Cartan subgroup. So the "missing" representations still 
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exist; they are just attached to a different discrete Langlands parameter, 
and may be reducible.) 

The complex vector space o* is naturally defined over M; the real sub- 
space O-Q corresponds to characters of A taking positive real values. Indeed 
it is defined over the integers: we can take as integer points 

(X*)^^ ~ (— 0)-fixed algebraic characters of H restricted to A. 

7 Second introduction: the shape of the unitary 
dual 

We now have enough machinery in place to describe the kind of answer we 
are going to find for describing the unitary dual of a real reductive group G 

(cf. m)- 

Theorem 7.1 (Knapp-Zuckerman; see [19j, Chapter 16). Suppose T = 
(A, z^) is a Langlands parameter for an irreducible quasisimple representa- 
tion J(r) for the real reductive group G (Theorem \6.1\) . corresponding to the 
Cartan subgroup H = TA. Define 

C W{G,H) 

as in Proposition \6.(A 

Write the continuous parameter v as 

Define 

the real Levi subgroup of G corresponding to coroots vanishing on the imag- 
inary part of V. 

1. The irreducible representation J(r) admits an invariant Hermitian 
form if and only if there is a w ^ such that 

w ■ u = —V; 

equivalently 

The first condition here is equivalent to w & W^. ; so we conclude that 
J(r) admits an invariant Hermitian form if and only if the irreducible 
Jl.^^(T) for admits an invariant Hermitian form. 



45 



2. The irreducible representation J{T) is irreducibly induced from the 
representation Jl.^{T) on Lim- In the presence of invariant Hermi- 
tian forms, this induction is unitary, so J{T) is unitary if and only if 
JL^^(r) is unitary. This in turn is the case if and only if Jl.^^{{A, I'i^) 
is unitary. 

We will explain thoroughly and precisely what an "invariant Hermitian 
form" is beginning in Section [8] (see especially (|10.2p ). At that point we will 
explain some of the proof of this theorem. 

This theorem exhibits every unitary representation as unitarily induced 
from a unitary representation with real continuous parameter; equivalently, 
with "real infinitesimal character" (Definition 15. 5p , in a precise and simple 
way. The question we need to address is classification of irreducible unitary 
representations with real infinitesimal character, that is, determining which 
representations with real continuous parameter are unitary. 

Corollary 7.2. Fix a discrete Langlands parameter A, attached to a Cartan 
subgroup H = TA, and the stabilizer in the real Weyl group (Proposition 
\6.0\) . The real continuous parameters attached to A are 



( Proposition \6.6\) . For each w G W , consider the —1 eigenspace 

=def {v ea* \ W -V = -I/}, 

and its real form q • 

1. The Hermitian representations J(A, u) with real continuous parameter 



2. Fix w S W . Each of the hyperplanes of possible reducibility described 
in Proposition \6.6\ meets q in a hyperplane, or not at all. In this 
way we get a locally finite hyperplane arrangement in q, partitioning 
this vector space into a locally finite collection of facets; each facet is 
characterized by various equalities 




■A 



are precisely those with € q, for some w € W . 



((dA,i/),5'^) = ms 



and inequalities 



{idx,i^),i5'y) <is' 



for roots 5,5' and integers ms, £s' ■ 
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3. The signature of the Hermitian form on J(A, v) (for v G ^wq) '^^ 
constant on each of the facets described in (2). 

4. For each w G there is a compact rational polyhedron Pyj C Oq^ 
(a finite union of the facets of (2)) so that if v is a continuous real 
parameter attached to A, then J {A, v) is unitary if and only ifu belongs 
to some Pw 

Again, this corollary describes only what was known about the structure 
of the unitary dual in the 1980s. 

The main result of this paper is an algorithm to calculate the signature 
of the invariant Hermitian form on J(A, v) for v belonging to any specified 
facet of one of the vector spaces Oq ^ . (Exactly what is meant by "calculate 
the signature" will be explained in Section [T5l) In particular, this algorithm 
decides whether or not the facet consists of unitary representations. As 
was explained already in [l3], there is some predictable repetition in these 
calculations; so doing a finite number of them is enough to determine the 
unitary dual of G. 

8 Hermitian forms on (f), L(C))-modules 

We turn now to the study of invariant forms on representations. The work 
that we do depends fundamentally on generalizing and modifying the notion 
of "invariant form." We will therefore look very carefully and slowly at this 
notion. A convenient setting (allowing us to consider both group and Lie 
algebra representations) is that of a "pair." 

Definition 8.1 ([21j. Definition 1.64). Apairis (f),L(C)), together with 
Ad: L(C) ^ Aut({)), i:l^i), 

subject to 

a) is a complex Lie algebra 

b) L(C) is a complex algebraic group, with (complex) Lie algebra I 

c) i is an inclusion of complex Lie algebras 

d) Ad is an algebraic action by automorphisms of f), extending the adjoint 
action of L{C) on [, and 

e) the differential of Ad is the adjoint action (by Lie bracket) of [ on f). 
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A representation of the pair (f),L(C)) (cf. Definition 12. lOp is a com- 
plex vector space V endowed with a complex-hnear representation of 
the Lie algebra f} and an algebraic representation of the algebraic group 
L(C), subject to the requirements 

a) the difi^erential of the action of L{C) (a representation of [) is equal to 
the composition of i with the action of f); and 

b) 

£-{X-v) = (Ad(^)X) -{i-v), {£e L(C), X et),veV). 

A real structure on the pair consists of two maps 

a:i)^t), a: L{C) ^ L{C), 

both "conjugate linear" in the following sense. First, the map on {) is a 
conjugate linear Lie algebra homomorphism: 

a{zX) = za{X), a{[X,Y]) = [a{X),a{Y)] {z e C, X,Y e 

These conditions are all that is needed to define invariant sesquilinear 
forms on representations; but to make sense of invariant Hermitian 
forms, we must assume also that a is a complex structure on [), meaning 
that 

a^ = ld. 

Second, the map on L{C) 

a: L(C) ^ L(C) 

is a group homomorphism so that the corresponding map on functions 

preserves regular functions on L(C): 

a*: R{L{C)) R{L{C)). 

(By construction a* is a conjugate-linear homomorphism of algebras.) 
Again this assumption is all that is needed to define invariant sesquilin- 
ear forms, but to get invariant Hermitian forms we must assume also 
that o" is a real form of the complex algebraic group L{C); that is, that 

CT^ = Id . 
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We will be interested most of all in the pair (g, K(C)) coming from a real 
reductive algebraic group G, described in Theorem 13.41 We include more 
general pairs for the same reason that they appear in [21] : as a tool in the 
construction of Harish-Chandra modules for G. 

Suppose y is a complex vector space (or a representation of a complex 
Lie algebra f), or an algebraic representation of an algebraic group L{C), or 
an (f), L(C))-module (Definition 18. ip ). Recall the Hermitian dual ofV 

= {^:V \ C{u + v) =^{u) + ^{v),C{z-v) = z-v} (8.2a) 

(We are going to modify this definition a little in the presence of an algebraic 
group representation; see ()8.2fp below.) It is clear that the Hermitian dual 
of V consists of complex conjugates of the linear functionals on V. Taking 
Hermitian dual is a contravariant functor: if T G Hom(yiT^), then the 
Hermitian transpose of T is 

r'^ GHom(VF^,1/'^), T^{^){v) =^{T{v)) {v£V,^gW''). (8.2b) 

What makes everything complicated and interesting is that the Hermitian 
transpose operation is not complex linear: 

(5or)^ = r^o5\ {zTf = z{T^). (8.2c) 

To see why this is a complication, suppose that p: g — End(F) is a 
representation of the complex Lie algebra f) . This means that /j is a complex- 
linear Lie algebra homomorphism. If we try to take Hermitian transpose, 
we find 

p^:\^^ End(y^), p\X) = -[p{Xt (8.2d) 

is additive and respects the Lie bracket; but p^{zX) = zp^{X), so p^ is not 
complex linear. 

There is a parallel problem in case V carries an algebraic representation 
vr of an algebraic group L{C). The group homomorphism vr: L{C) GL{V) 
is assumed to be algebraic; this means in particular that every matrix coef- 
ficient of the homomorphism is an algebraic function on L(C). We can get 
a group homomorphism 

vr'^: L{C) ^ GL{V^), n'^ik) = [7r(fc-i)]'^. (8.2e) 

But the matrix coefficients of vr^ include complex conjugates of the matrix 
coefficients of vr. Since the complex conjugates of nonconstant algebraic 
functions are not algebraic, vr'' is almost never an algebraic representation. 
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There is a smaller technical problem here. Part of what it means for V 
to be an algebraic representation of L{C) is that the action is locally finite: 

dim(7r(L(C))?;) < oo {v e V). 

This condition is not inherited by the Hermitian dual as defined in (|8.2a|) 
above. Whenever we have in mind an algebraic representation of L(C) on 
V, it is therefore convenient to modify that definition to the smaller space 

V'' = {^:V ^C\au + v)= + av), az-v) = z- V, 
dim{Tr^{L{C))0 < 00} 

It would be more natural to retain the definition ()8.2ap for V^, and to 
denote this subspace by ^^(^q ] but for the purposes of this paper, imposing 
L(C)-finiteness silently is more convenient. 

We can now discuss forms. Recall that if V and W are complex vector 
spaces, a sesquilinear pairing between V and W is 

(, ) : V X W ^ C, linear in V, conjugate linear in W. (8.3a) 

We write 

Sesq{V,W) = {sesquilinear pairings between V and W}. (8.3b) 
A sesquilinear pairing on one vector space V is called Hermitian if it satisfies 

{v,v') = {v',v) {v,v' eV). (8.3c) 
Lemma 8.4. Suppose V and W are complex vector spaces. 

1. Sesquilinear pairings between V and W may be naturally identified 
with linear maps from V to the Hermitian dual (cf. (|8.2ap ).• 

Hom(y, W^) ~ Sesq(y, W), To {v, w)t =def {Tv){w). 

2. Complex conjugation defines a (conjugate linear) isomorphism 

Sesq{V,W) ~ Sesq{W,V). 
The corresponding (conjugate linear) isomorphism on linear maps is 
Hom(y, W'') ~ Hom(W^, V^), T ^ T^. 
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3. A sesquilinear form (, )t on V is Hermitian if and only ifT^ = T. 

The statements of the lemma are just versions of the standard dictio- 
nary between bilinear forms and hnear maps, and the proofs are short and 
straightforward. In (2), the Hermitian transpose was defined as a map 
from {W^)^ to V^. But there is a natural inclusion W ^ {W^)^, and it is 
the corresponding restriction of that is intended in (2). 

We fix now a pair (f),L(C)) with a real structure a (Definition 18. ip : we 
wish to define the a -Hermitian dual 

V^'" (8.5a) 

of an ((), L(C))-module V. The space is just the space defined in ([Of)) , 
of complex conjugates of L(C)-finite linear functionals on V . To define the 
Lie algebra representation on we write p for the complex Lie algebra 

representation on V: 

p:{)^End(y). (8.5b) 

In (j8.2p . we have seen how to define a (complex conjugate linear) Lie algebra 
representation 

f) ^ End(y''). (8.5c) 

(That this representation preserves the subspace of L(C)-finite vectors is an 
elementary exercise.) In order to get a complex linear Lie algebra represen- 
tation, we simply compose with the conjugate linear Lie algebra homomor- 
phism o", defining the a-Hermitian dual Lie algebra representation 

p^''^: fi ^ End(y'^), p'^'^X) = -[p{a{X))]\ (8.5d) 

The construction of the Hermitian dual of the algebraic group represen- 
tation 

tt: L{C) ^ GL{V). (8.5e) 

is exactly parallel. We have introduced in (j8.2p a (nonalgebraic) group 
representation 

tt'': L{C)^GL{V''), (8.5f) 

which is locally finite on (because of the redefinition in ()8.2fp ). The 
matrix coefficients of tt^ are complex conjugates of matrix coefficients of 
p (composed with the inversion map on L(C)), so they are not algebraic. 
In order to make them algebraic, we need to compose them with our fixed 
conjugate linear algebraic group homomorphism 

a:L(C)^L(C). (8.5g) 
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The a-Hermitian dual representation is 



(8.5h) 



This is an algebraic representation of -L(C). (The hypothesis on a makes 
some nice matrix coefficients of tt^'^ into regular functions. The restriction 
to L(C)-finite vectors provides the remaining formal properties making an 
algebraic representation.) 

Of course we can apply this process twice, obtaining a cr-Hermitian dou- 
ble dual representation on (y^''^)^''^. The representation on (y'^''^)'*'"' pre- 
serves the subspace V (see the remarks after Lemma 18. 4p and acts there 
by the original representation twisted by cr^. Because of our assumption in 
Definition O that = Id, it follows that the inclusion V C (y'^''^)'^.'^ is an 
inclusion of (f), L(C))-modules. 

We define a-invariant sesquilinear pairings between (f), L(C))-modules 
V and W: in addition to the sesquilinearity condition in (|8.3p . we require 



(Since V is locally L(C)-finite, an intertwining operator necessarily takes 
values in L(C)-finite vectors; this uses our assumed surjectivity of a.) 

We can now define invariant Hermitian forms in the most general way 
relevant to this paper. 

Definition 8.6. Suppose ({),L(C)) is a pair with a real structure a 
(Definition 18. ip . and V is an (t), L(C))-module. A a-invariant Hermi- 
tian form on y is a Hermitian pairing (, ) on V, satisfying 



{X -v,!!)) = {v, -aiX) -w), {X et), ee L(C), v,w £V) 
{£ ■v,w) = {v, a{r^) -w) {££ L(C), v,w e V). 

The dictionary in Lemma 18.41 extends immediately to 



(8.5j) 



(8.5i) 



{X ■ v,w) 



{v,-a{X)-w) 



{X v,we V) 



and 



{£ ■ V, w) 



{v,a{i-^)-w) 



{£ G L(C), v,we V). 




<h 
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Many examples of pairs arise from a real Lie group H with a compact 
subgroup L. In this case the Lie algebra f) is the complexification of [}q = 
Lie(//), so we have a complex structure do on f): 

ao{X + iY) = X - iY (X,yef)o). (8.7a) 

At the same time L(C) is the complexification of L, and this complexification 
construction defines the compact real form 

do: L{C) L(C), L{R,ao) = L (8.7b) 

(Theorem l2.17p . These two maps o"o are a natural real structure for the pair 
([),-L(C)). In this setting, a (To-invariant sesquilinear pairing (,) between 
((), L(C))-modules V and W may be characterized by the simple require- 
ments 

{X ■v,w) = {v,-X -w), {k ■ v,w) = {v,k''^ ■ w) 

{X et)o, k e L, V eV, w £W). ^ ' 

The reason we did not simply present this as the definition of an invariant 
form is that it obscures the possibility of generalization by changing (Tq, 
which will be crucial for us. 

Suppose now that (f), L{C)) is a pair with L{C) reductive. In this setting, 
if V is an (f), L(C))-module, 

V= Vifi), (8.8a) 

AteL(C) 

with V{fi) the largest sum of copies of fi in V. It will be useful to refine 
this further. So fix a model -E^ for each irreducible representation of L(C). 
Define 

V^' = RomL^C){E^,V)- (8.8b) 
Then there is a natural isomorphism 

y(^)~y^«)S^, T(S)e^T{e). (8.8c) 

The vector space is called the multiplicity space of fi in V, because of 
the obvious relation 

dimy^ = multiplicity offi'mV =dof mult\/(/i). (8.8d) 

The ({), L(C))-module V is called admissible if multv(^) < oo for all fi. 
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In terms of the multiphcity spaces, we can calculate Hermitian dual 
spaces: 

y(/i)'^~y^''^(g)-E/j. (8.8e) 

We fix now a real structure a on the pair (Definition IS.ip . The real 
structure a on L{C) defines via ()8.5hp an algebraic representation (j(^) on 
Ej^. The assumed surjectivity of a on L{C) implies that a{iJ,) is irreducible. 
The map i— )• cr{fi) of irreducible representations of L{C) is bijective, and 
is naturally isomorphic to We therefore find 

V^= V>^'^ (g> E^(^^y (8.8f) 

(This uses the redefinition of Hermitian dual in (I8.2fj) . Without that, we 
would instead have the direct product over fx as the Hermitian dual of the 
direct sum.) 

We will often (but not always) be interested in the special case that 

cr is a compact real form of L{C) (8.8g) 

with (compact) group of real points L. In this special case we fix also 
an L-invariant unitary structure — a positive definite L-invariant Hermitian 
form — on each space -E^. This amounts to a choice of isomorphism 



In particular, we must have (T{fi) ~ fi whenever ( |8.8gP holds. Since -E^ and 
are irreducible, the space of such isomorphisms has complex dimension 
one. Requiring the form to be Hermitian defines a real line in that complex 
line, and the positivity defines a real half line. 

Proposition 8.9. Suppose (f),L(C)) is a pair with L{C) reductive, and a 
is a real structure. (Definition \8. 1\) . 



1. Suppose V is an admissible (t), L{C)) -module (see (18. 8p ). Then the 
a-Hermitian dual module V^'" is again admissible, with multiplicity 
spaces 

(yh,aY{^l) ^ (y/')'^, 

2. The space of a -invariant sesquilinear forms {,)t on V may be identi- 
fied (by ( |8.5j[ ) ) with the complex vector space of intertwining operators 
Homfj /^(£)(y, y'*''^). This complex vector space has a real structure 
T =def T^j the subspace of real points consists of the Hermitian a- 
invariant forms. 
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3. Suppose J is an admissible irreducible {[}, L{C)) -module (see ()8.8p ). 
Then the a-Hermitian dual module J^'" is again admissible and irre- 
ducible. Consequently J admits a nonzero invariant sesquilinear form 
if and only if J ~ J'^'°". In this case the form is necessarily nondegen- 
erate and unique up to a nonzero complex scalar multiple. 



Assume from now on, as in ( 8.8gP , that a defines a compact real form of L. 



4. Fix a a-invariant Hermitian form (,)y on V. The decomposition 

(cf. (|8.8p ) is orthogonal. The chosen unitary structure (,)^ on each 
irreducible representation fj, of L gives rise to a natural Hermitian form 
(, )y on each multiplicity space so that 



5. Define 

posy(//) = dimension of maximal positive definite subspace ofV^ 
negy()u) = dimension of maximal negative definite subspace ofV^ 
radv'(/u) = dimension of radical ofV^. 

Then 

(posy , negy , rady) : L — )• N x N x N, posy + negy + rady = multy . 
Here multy (^u) is the multiplicity of fi inV (cf. (j8.8p ). 

6. Assume again that J is irreducible and that J ~ J^'*^, so that there is 
a nondegenerate invariant Hermitian form (, ) j. Multiplying this form 
by a negative scalar interchanges posj and negj. The unordered pair 
of functions {posj,negj} is independent of the choice of form. 

All of this is straightforward and elementary. 

We call the triple of functions (posy, negy, rady) the signature character 
of (V, (, )y). The form is nondegenerate if and only if rady = 0; in that case 
we will often omit it from the notation. 



55 



Corollary 8.10. In the setting of Proposition [KV{. the admissible irreducible 
(f), L{C)) -module J admits a positive definite a -invariant Hermitian form if 
and only if 

1. J is equivalent to the Hermitian dual irreducible J^''^ , and 

2. one of the functions posj or negj is identically zero. 

This corollary begins to suggest why one can hope to calculate the uni- 
tary dual: the problem is not whether some matrix is positive definite (which 
sounds analytic, difficult, and subject to subtle error analysis) but whether 
some nonnegative integers are zero (which sounds combinatorial) . In section 
[15] we will describe techniques from ^43j for reducing further to a computa- 
tion of finitely many integers. 

We will need to consider Hermitian forms invariant under several dif- 
ferent real structures on the same pair. Here is some machinery for doing 
that. 

Definition 8.11. Suppose (f),L(C)) is a pair (Definition 18. ip . An auto- 
morphism 6 of the pair consists of a complex Lie algebra automorphism 

and an algebraic group automorphism 

6: L(C) ^ L(C). 

If y is a representation of the pair (Definition 18. ip , then the twist 
ofV by 6 is the representation on the same vector space V defined 
by 

X-sv = 6{X)-v, i-sv = 6{i)-v {X £t), e £ L{C)). 

Twisting defines a right action of the group of automorphisms on 
representations: 

A 6 -form of V is an isomorphism 

That is, D is a linear automorphism of the vector space V satisfying 
D{X -v) = 6{X) ■ D{v), D{£ ■ v) = 6{£) ■ D{v) {X e i), i e L{C)). 
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This last definition in particular may look more transparent if we 
use representation notation: writing vr for the representations of f) and 
L(C) on V, and vr^ for their twist by 6, the condition is 

Dn = TT^D; 

that is, that D intertwines the representations vr and ir^. 

Definition 8.12. Suppose (f), -^^(C)) is a pair, and 6 is an automorphism 
with the property that 

6"" = Ad(A) (A G L(C)) 

is an inner automorphism (Definition 18. lip . The corresponding ex- 
tended group is the extension 

1 ^ L{C) ^L{C) Z/mZ 1 

with a specified generator 5i mapping to 1 G Z/mZ, and subject to the 
relations 

5^eS^^=S{e) {£eL{C)), 

and 

= A. 

This extended group acts by automorphisms on f), and we call (f), ^L(C)) 
an extended pair. 

It is convenient to abuse notation by writing 5 for the distinguished 
generator 6i 

^L(C) = L(C){e,5,52,...,5— 1}, 

a union of m cosets of L{C). 

We write x for the one-dimensional (f), ^L(C))-module C-^ defined 

by 

X-z = 0, £-z = z, 5-z = e2"/'"z {X £ I), £ e L{C), z e C^). 
Proposition 8.13. Suppose we are in the setting of Definition \8. I'M 

1. Twisting by 5 defines a permutation of order (dividing) m of the set of 
irreducible (l), L{C))-modules. Tensoring with x defines a permutation 
of order (dividing) m of the set of irreducible {\],^ L{C)) -modules. 
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Now fix an irreducible (i), L{C)) -module V, and write A G AutiV) for the 
action of X = 6"^. 

2. The module V is fixed by 6 if and only if there is a 6-form D of V 
( Definition \8.11\) : that is, an intertwining operator from V to . 

3. If D exists for V , then it is unique up to multiplication by a complex 
scalar; and must be a scalar multiple of A. 

4- If D exists for V , then we can arrange = A. With this constraint, 
D is unique up to multiplication by an mth root of 1. 

5. The irreducible {\),L{C)) -module V extends to (f),'^L(C)) if and only 
ifVc^V^. In this case there are exactly m extensions, which are 
cyclically permuted by tensoring with the character x of Definition 
\8.1^ The actions of 5 are given by the m 6-forms D described in (4)- 

6. The irreducible L{C)) -module V induces irreducibly to (f),'^L(C)) if 
and only if the m twists V,V^ , . . . , V^"" are all inequivalent. In this 
case 

is the unique irreducible {t},^ L{C)) -module containing V. This induced 
module is isomorphic to its tensor product with the character x of 
Definition [8JE . 

This analysis of representations of cyclic group extensions is often re- 
ferred to as "Clifford theory" ( [6] , pages 547-548) , although much of it goes 
back at least to Frobenius. 

Definition 8.14. In the setting of Definition 18.121 the modules arising 
in (5) are called type 1, and those arising in (6) type m, for the multiplic- 
ity on restriction to (f),L(C)). In the same way, we call an irreducible 
(f), L(C))-module type one if its equivalence class is fixed by 6, and type 
m if the orbit under twisting has order m. 

There is no difficulty in analyzing the intermediate cases between 
(5) and (6), when the equivalence class of V is fixed by some power 5'^° 
(with TTT-o a proper divisor of m). Since we will be interested in the case 
m = 2, we have omitted these type ruQ cases. 

We turn now to an analysis of sesquilinear and Hermitian forms for 
extended groups. 
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Lemma 8.15. Suppose (f),L(C)) is a pair endowed with a real structure a 
(Definition \8. we do not require that cr^ = 1. Suppose also that 

a) € and 6 are two automorphisms of the pair (Definition \8. 1 1\) : 

b) V, W, V , andW are four {[), L{C)) -modules; 

c) {■, ■) : V X W —!' C is a a-invariant sesquilinear pairing ( (j8.2p ); and 

d) D:V' ^ and E:W'^W^ are (l), L{C))-maps to the indicated 
twisted modules ( Definition \8.11^ . 

Then the form 

{■, ■)' :V' xW' ^C, {v', w'Y =def {Dv, Ew) {v' € V , w' G W) 

is an a 6 -invariant sesquilinear pairing. 

This is immediate from the definitions. 

Proposition 8.16. Suppose (f), L(C)) is a pair endowed with two real struc- 
tures 0"! and CJ2 (Definition \8.1\) : we assume that af = 1. Suppose V is an 
admissible (i), L{C)) -module, and that V is endowed with a nondegenerate 
ai-invariant Hermitian form (, )'^^ that is unique up to real multiple. Then 

1. The maps 

X -1 -1 
= a2, e = cr2CF^ 

define automorphisms of the pair ( Definition \8.11\i . 

2. Since af = 1, 6 and e are inverse to each other. It is also the case that 
they are conjugate by ai: ai6a^^ = e. 

3. The o"i- and a2-hermitian duals of V differ by twisting by 5 or e: 

(notation ()8.5hp and Definition \8.11\) . 

4- The following conditions are equivalent. 

(a) There is a nondegenerate a2-invariant form (,)'^^ on V. In this 
case the form is unique up to a real multiple. 
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(b) V is equivalent to its twist by 5, by an isomorphism 

(cf. Definition \8.11\) . In this case the isomorphism D is unique 
up to a complex multiple. 

(c) V is equivalent to its twist by e, by an isomorphism 

E:V ^ V\ 

In this case the isomorphism E is unique up to a complex multi- 
ple. One candidate for E is D^^ . 

Assume now that 6"^ = Ad(A) (X € -^^(C) ) as in Definition \8.1Sk equiv- 
alently, that e™" = Ad(A~"'^) = Ad(cJi(A)). Write A for the action on 
V of X, and Ai for the action of ai{X). Then these conditions are also 
equivalent to the following ones. 

(d) The (t), L(C)) -module V extends to an (i),^ L{<C))-module, with 6 
acting by an isomorphism 

as in (b), subject to the additional requirement = A. // any 
such extension exists then there are exactly m, the operators D 
differing by multiplication by an mth root of 1. 

(e) The {i), L{C)) -module V extends to an {\],'^L{C)) -module, with e 
acting by an isomorphism 

E:V 

as in (h), subject to the additional requirement E"^ = Ai. // any 
such extension exists then there are exactly m, the operators E 
differing by multiplication by an mth root of 1. One candidate for 
E is the inverse Hermitian transpose of D (defined using {,)""'-). 

5. If the automorphism 6 = Ad{d) is inner (that is, given by the adjoint 
action of an element d € -^^(C) with = X) then the conditions of (4) 
are automatically satisfied; the intertwining operator D may be taken 
as the action of d, and E as the action of ai{d). 

Assume now that the conditions of (4) are satisfied, that = Ad(A), and 
that the operators D and E are chosen as in (4)(d) and (4)(e). 
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6. There is a nonzero complex number ^{D,E) so that 

E'^ = (,{D,E)D. 
The scalar ^{D, E) is an mth root of 1. 

7. The form 

{v,wy =def{Dv,E-^wr 

is a ai-invariant sesquilinear form on V ( ( |8.5jP ), and by hypothesis 
in (4) is therefore a multiple of (, )'^^ ■ 

{Dv,Ewy^ =Lo{D,E){v,wy\ 

Equivalently, 



{Dv,wY^ =oj{D,E){v,E-^wY^ =oj{D,E)^{D,E){v,Dw)''K 
8. The scalar uj{D, E) satisfies 



iD,Er = l, u:{nD,T2E) = nT^^uj{D,E) (r^ G C^ = 1). 



9. If C, is any square root of u}{D, E)^{D, E) , then 

{v,wr =defC\Dv,wr = c{v,Dwr 

is a a2-invariant Hermitian form on V . 

Proof. Parts (1), (2), and (3) are immediate from the definitions. The equiv- 
alence of (a)-(c) in (4) is also easy, and then (d)-(e) is a consequence of 
Proposition 18.131 

The existence of the scalar in part (6) follows from the description of E 
in (4)(c). Raising this equation to the mth power gives 

= ^{D,E)"'A. 

The operators A and A^^ are Hermitian transposes of each other with respect 
to the form (, )'^^. Taking Hermitian transpose of the last equation gives 



A = aD,E) Ai\ 

Combining these two equations gives \^{D, E)\'^"^ = 1, which is the last claim 
in (6). 

Part (7) follows from Lemma 18.151 
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For (8), applying the formula in (7) m times gives 



CTl _ 



uj{D,Er{v,E~"'w) 



Again using the fact that the operators Z)™ = A and E~"^ = are 
Hermitian transposes of each other, it follows that uj{D,E)^ = 1. The 
formula with Tj is easy. 

For (9), that {v,w)'^^ = {Dv,w)'^^ is o"2-invariant and sesquilinear follows 
from Lemma 18.151 That the indicated multiple is Hermitian is an easy 
consequence of the last formula 

in (7). (We need to use that C = C~^) which follows from (6) and (8).) □ 

9 Interlude: realizing standard modules 

We sketched briefly in (|6.4p Langlands' original realization of the standard 
(go; -^)-™odules using parabolic induction from discrete series representa- 
tions. From time to time we are going to need other realizations of the 
standard modules, notably those found by Zuckerman and described in |38j . 
The purpose of this section is to collect some general facts about these 
other realizations, which require some time to state precisely. The reader 
will probably prefer to pass over this section, and consult it only as necessary 
later on. 



The main theorems of this section have their origins in [381 , Theorem 
6.6.15 (which is not proven there) and |41j . Theorem 1.13 (which considers 
only integral infinitesimal character). Results in the generality that we need, 
with proofs, may be found in [21], Chapter 11; but translating the formula- 
tion there into what we want is still a bit of an exercise, most of which is 
silently left to the reader. 

We begin as in ()6.4p with a ^-stable Cartan subgroup 



H = TAcG, T = H'^ = HnK, ^ = exp(f)o"^). (9.1a) 



and a weak Langlands parameter (Definition 16. 3p 



r = (F,7,i?+) = (A,^.) 



(9.1b) 



Just as in (16. 4p . we consider the real Levi subgroup 



MA = centralizer in G oi A D H. 



(9.1c) 
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The roots of H in MA are precisely the imaginary roots (Definition I5.7P ; 
so what is left are the non-imaginary roots. A real parabolic subgroup 
P = MAN of G is called type L with respect to T (see [21], page 704) if 
whenever a is a (necessarily non-imaginary) root of f) in g such that 

(^7,0^^) G Z>° and (^7, -^a"^) > 0, (9.1d) 

then a is a root of H in n. The "L" stands for "Langlands," since we will 
use this hypothesis to make Langlands' construction of standard modules. 
Notice that "type L" is a weaker hypothesis than "Re v weakly dominant," 
which we assumed in (j6.4p . Notice also that the parabolic subgroup P = 
MAN is pointwise fixed by the real form gq, and that the Cartan involution 
9 carries P to the opposite parabolic subgroup 

P°P = M^7V°P = MAOiN) = e{P). (9.1e) 

Theorem 9.2 ([21], Theorem 11.129). Suppose T = (A,z^) is a weak Lang- 
lands parameter, and P = MAN is a parabolic subgroup of type L with 
respect to T ( (19. ID ). Then the standard quotient-type module 

/quo(r) = Ind^j^^(L>(A) 

is independent of the choice of P (of type L). (Here we write D{A) for 
the limit of discrete series representation of M introduced in (|6.4p .) It is a 
direct sum of distinct Langlands standard quotient-type modules (Theorem 
\6. 1]) . so its largest completely reducible quotient J(T) is the corresponding 
direct sum of distinct irreducible modules. 

In the same way, the standard sub-type module 

/sub(r) = lud^iA^ov D{A) 

is independent of the choice of P (of type L). It is a direct sum of distinct 
Langlands standard sub-type modules (Theorem \6. so its socle J(r) is the 
corresponding direct sum of distinct irreducible modules. 

The two keys to making this construction are Mackey's notion of induc- 
tion and Harish-Chandra's description of the limit of discrete series repre- 
sentation D{K) for M. The representation D{K) can be constructed using 
Zuckerman's "cohomological induction" functor for the Borel subalgebra of 
m determined by i?^. (This is a consequence of Theorem 19.41 specialized to 
the case when H is compact; the result, due to Zuckerman, was one of his 
original motivations for introducing cohomological induction.) 
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In an exactly parallel way, still referring to a weak Langlands parameter 
r as above, we can consider the subgroup 

L = centralizer in G of Tq D H. (9.3a) 

The roots of -ff in L are precisely the real roots (Definition 15. 7|) : so what is 
left are the non-real roots. A ^-stable parabolic subalgebra q = [ + u of g is 
called type VZ with respect to T (see [21j, page 706) if (first) every root in 
i?^ is a root in u; and (second) whenever q is a (necessarily non-real) root 
of in g such that 

{dj,a^)£Z>° and {d-f,ea^)>0, (9.3b) 

then a is a root of H in u. The "VZ" stands for "Zuckerman," since we will 
use this hypothesis to make Zuckerman's construction of standard modules. 

Notice that [ is preserved by both the real form ctq and by 6. The 
parabolic q is preserved by 9, but the real form (Tq sends q to the opposite 
parabolic 

q°P = [ + u°P = [ + u = q. (9.3c) 

These properties are complementary to those of the real parabolic P de- 
scribed in (j9.1ep . 

To describe Zuckerman's construction, we begin by constructing a weak 
Langlands parameter 

Tq = (^^,7^,0) = (Aq,i/) GT X a* (9.3d) 

for L with differential 

d7q =d7-p(u) G r; (9.3e) 
here p{u) is half the sum of the roots of H in u. We can write 

complex pairs in u 

Recall that 7 is a character of the cover of H, and this is the same as a 
character 7 (g) of H. We define 

7q|r = 7«'P«- Yl "1^' 7qU = 7U = i^; (9.3g) 

complex pairs a, 9a in u 

since the two roots a and 6a have the same restriction to T, the formula in 
( |9.3gP is well defined (independent of the choice of one root in each complex 
pair) and has differential d'j — p(u). 



64 



Now we can form the standard representation /quo(rq) of L. Because it 
is a fundamental building block in Zuckerman's construction, we recall how 
this representation of L is defined. By construction of L, the roots oi H m. L 
are all real; so by choosing a system of positive real roots, we can construct 
a Borel subgroup 

Bl = TANl (9.3h) 

of L. According to (I9.1dp . we can and do require that Bl be of "type L." 
This means that (i7q should be "integrally dominant" : for every real root a 
of -fT in 0, we require that if 

(d7q,a^) = (^^,a^)GZ>°, (9.3i) 

then a is a root of H in n/,. If we have already a parabolic subgroup P of 
type L with respect to F, then Bl = P n L is of type L with respect to Fq. 
With such a choice of Bl, we have 

Vo(rq) = Ind^AiVi(7q|r (9.3j) 

an ordinary principal series representation of L. Similarly, 

-^sub(rq) = Ind^^^op(7(,|T. (g) (g) 1), (9.3k) 

Because of the realization of the standard module /quo(r) in Theorem 
19.41 certain simple properties of this standard module correspond to sim- 
ple properties of the minimal principal series representation /quo(rq) for the 
split group L. By induction by stages, these properties in turn come down to 
properties of principal series representations for the real root S'L(2,]R) sub- 
groups. For this reason, many statements (especially around the Kazhdan- 
Lusztig conjectures) will involve the relationship of real roots to the param- 
eter Fq of ()9.3dp above. 

The hypothesis (j93bl) says that /quo(rq) is somewhat "dominant" with 
respect to the parabolic q, and therefore somewhat "negative" with respect 
to q. The two highest weight modules 

Mq,quo(F) = U{q) 0q [Iquo(Fq) ® A*°P(u)] (9.31) 

and 

Mq,sub(r) = Homq([/(0), [/sub(Fq) A*°P(u)])l n i^-finite (9.3m) 

are {q,L n i^)-modules of infinitesimal character d^y. ("Somewhat domi- 
nant" means that these modules are trying to be irreducible, like a Verma 
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module with an antidominant highest weig ht. If the hypothesis (jObj) were 
strengthened to 

((i7, a^) i Z<° (a G A(u, \))) (9.3n) 

then Mq^quo(r) and -/Vfq_sub(r) would be (isomorphic) irreducible modules. 
The advantage of ()9.3bp is that for any F we can choose q of type VZ; but 
there are many F for which no choice of q satisfies (|9.3np .) 

The two modules Mq^quo(r) and Mq^sub(r) have exactly the same re- 
striction to L n -fC, and in fact (as is elementary to see) exactly the same 
irreducible composition factors. 

Here is the realization of the standard modules using Zuckerman's func- 
tors. 

Theorem 9.4 (|21j. Theorem 11.129). Suppose T = (A,z^) is a weak Lang- 
lands parameter, and q = I + u is a 9-stahle parabolic subalgebra of type 
VZ with respect to T ( (|9.3p ). Define s = dim(unt). Then the standard 
quotient-type module of Theorem \9.S\ may also be realized by cohomological 
induction from q: 

Vo(r) = (4fn/r)'(Vo(rq)) =def (n^;fn^)^Mq,q,o(r). 

The derived functors vanish in all other degrees. This module is therefore a 
direct sum of distinct Langlands standard quotient-type modules (Theorem 
\6.1\) . so its largest completely reducible quotient J{T) is the corresponding 
direct sum of distinct irreducible modules. 

In the same way, the standard sub-type module may be realized as 

/s,b(r) = {nl^nxY a-b(rq)) =def (r^;fni^)'^q,sub(r). 

The derived functors vanish in all other degrees. This is therefore a direct 
sum of distinct Langlands standard sub-type modules (Theorem \6. so its 
socle J(r) is the corresponding direct sum of distinct irreducible modules. 

The functor Tg^p^ appearing here is Zuckerman's "largest i^-finite sub- 
module" functor ([38j, Definition 6.2.9, or [21], pages 101-107), and the 
superscripts are its right derived functors. The functor 11^'^^^ is "largest 
JC-finite quotient" ([21j, pages 101-107), sometimes called a "Bernstein func- 
tor" because of lectures given by Bernstein in 1983 featuring a version of 
this functor. The subscripts are left derived functors. 

The two keys to making this construction are Zuckerman's cohomological 
parabolic induction functors, and (Mackey's) construction of the ordinary 
principal series representations /(Fq) for L. 
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In order to describe Kazhdan-Lusztig polynomials in Sections 1181 and \T9\ 
it will be helpful to recall one of the technical tools used to prove Theorem 
19.41 (Indeed this is the tool used in |38) to prove Theorem 16.11 ) That is Lie 
algebra cohomology. 

Proposition 9.5. Suppose T = (TA,'y,R^) is a weak Langlands parameter, 
L is the centralizer in G oJTq, and 

q = [ + u 

is a 6 -stable parabolic subalgebra of type VZ with respect to T (see (|9.3bp ). 
Define Fq, a weak Langlands parameter for L (that is, a character of H) as 
in ( |9.3g ). Suppose X is a (q, K)-module of finite length. 

1. Each Lie algebra cohomology space H'p(u,X) is an (l, L n K) -module 
of finite length. 

2. The irreducible {l,L n K)-module J{Tq) can appear in H'p(u,X) only 
if 

p > s =def dimu n t. 

3. The occurrence of JiXq) in Lie algebra cohomology H^{u,X) corre- 
sponds to the occurrence of X as a quotient o//quo(r)-' 

Roun^LnK{Jciuoir,),H%u,X)) ~ Rom,,K{I^no{r), X). 



4- The coefficient ax(r) ofT in the numerator of the character formula 
for X \5.12\) is equal to the alternating sum over p of the multiplicities 
o/ J(rq) in HP{u,X). (Here the Weyl denominator function should be 
chosen using a positive root system containing the roots ofu.) 

Sketch of proof. Part (1) is [38], Corollary 5.2.4. Part (2) is [38], Theo- 
rem 6.5.9(f) combined with Corollary 6.4.13. (To be precise, the references 
concern u cohomology in degree m — p, with m = dimu. One can de- 
duce the statements needed here by a Poincare duality relating H^(u,X)^ 
(any of the Hermitian dual functors introduced in section (j8.5p will do) to 
H'^~P{u,X^ (g) A™(u)) (pi]. Corollary III.3.6 and page 409). Alternatively, 
one can observe that the proof in [38] can be modified in a very straight- 
forward way to give (2).) Part (3) is [38], Theorem 6.5.9(g) (with a parallel 
caveat about duality). Part (4) is [IQ], Theorem 8.1. □ 
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Finally, it will be useful (for the unitarity algorithm) to have an explicit 
description of the lowest -R'-types of standard modules. We begin as in (j9.3p 
with a weak Langlands parameter 

r = (A, zv) (9.6a) 

for a 6'-stable Cartan subgroup H = TA, and the Levi subgroup 

L = centralizer in G of Tq D H, (9.6b) 

corresponding to the real roots of H in G. Now however we strengthen the 
hypothesis (|9.3b|) to 

{dA, a^) > (a e A(u, f))); (9.6c) 

we say that q is of type VZLKT with respect to F, since in Theorem [92] below 
we will construct the lowest i^-types of standard modules using Zuckerman's 
cohomological induction from q. Using this special choice of q, we construct 
the character 

Fq = (Aq,z^) e f X a* (9.6d) 

as m ab ove. The Harish-Chandra modules for L used in the construc- 

tion of /(F) in Theorem 19.41 satisfy 

/quo(rq)Uni^ = /sub(rq)|Lni^ = Ind^"^(Aq). (9.6e) 

Choose a maximal (connected) torus 

Tf cLnK. (9.6f) 

Necessarily Tf D Tq, and Tf is a maximal torus in K. We will discuss 
representations of K in using Tj-highest weights, bearing in mind that K 
may be disconnected. We therefore choose a set of positive roots 

A+([nfi,v), (9.6g) 

and extend it to 

A+(«,t/) =def A+([nt,t/)UA(un«,t/). (9.6h) 

Write 

u = uneeuns (9.6i) 
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for the decomposition of u into the +1 and —1 eigenspaces of 9. We will 
need the one-dimensional character 

2p{u) G L, 2p{um = det (Ad(^)|u) . (9.6j) 

The restriction of this character to L D K factors as 

2p(u)|Ln/^ =2p(un!) + 2p(uns). (9.6k) 

Theorem 9.7 (Cohomological induction of lowest K-types; [21J, Theorem 
10.44). Suppose T = (A, i^) is a weak Langlands parameter, and q = [+u is a 
9 -stable parabolic subalgebra of type VZLKT (see ()9.6cp ). Use the notation 
of (j9.6p above. 

List the lowest L n K-types of 

LnK/ 



/(rq)lLn/^ = Ind^^^(Aq 



as 



,,LnK ,,LnK ,,LnK ^ t 

For each p.^^^ , choose a highest Tf -weight 

Define 

<Pi = <Pf'''' + 2p{un5)£Tf. 

1. For each i, the representation of K 

l^i = (nfni^), [U{^) ®qnt (^f""" ® 2p{u))] 

is irreducible or zero, depending on whether or not the weight (pi is 
dominant for A+(t, t/). 

2. In the dominant case, 4>i is a highest weight of pi, and pi may be 
characterized as the unique irreducible representation of K containing 
u n t-invariant vectors transforming under the representation 

pf^^ (g)2p{un5) E Lr]K. 

Briefly, we say that pi has "highest weight pf^^ (8 2p(u Rs)." 

3. The irreducible representations pi constructed in (1) exhaust the lowest 
K-types o//quo(r), by means of the (K-equivariant) bottom layer map 

evident from the realization in Theorem \9.4\ 
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4- Suppose that A is final (Definition \ 6.5\: that is, that Aq{ma) = 1 for 
every real root a ). Then there is a unique lowest L n K-type of 
Ind^^'^''^ ( Aq ) . It has dimension one, and may be characterized by the 
two requirements 

I^i'^^It = Aq, f^i'^^\[Lo,Lo]nK is trivial. 

The (unique) highest weight of Hi^^ may be characterized by 

Itht, =A<,|TnT,, (</'f'"^,a^) = (aGA([,V)), 

Sketch of proof. Parts (l)-(3) are stated as Theorem 10.44 in [21]. Unfortu- 
nately that reference does not provide a complete proof; but what is needed 
are just the facts established in [38], section 6.5. For (4), the "final" hypoth- 
esis means exactly that Aq is trivial on [Lq, Lq] RT, which is generated by the 
elements rua for real roots a. It follows that any lowest LniiT-type must be 
trivial on [Lq, Lq] H K. Because (as one easily checks) LPiK \s generated by 
T and [Lq,Lq\ n K, the remaining assertions in (4) follow immediately. □ 



10 Invariant forms on irreducible representations 

Suppose G is the group of real points of a connected complex reductive 
algebraic group, K \s a, maximal compact subgroup of G, and is a Cartan 
involution (notation as in (jS.ip and Theorem 13. 4p . Write 

= Lie(G) 0IR C, (10.1a) 

-fC(C) = complexification of K, (10.1b) 

so that {q,K{C)) is a pair (Definition 18. ip . We are interested in two real 
structures (Definition 18. ip on this pair: the classical real structure ctq given 
by the real form G, and the real structure o"c given by the compact real form 

O'c = ctq o (10.1c) 

(Theorem 13. 4|) . These two structures are the same on K{C) (where they 
both define the compact form K), and therefore they agree on t; but they 
differ (by a factor of —1) on the —1 eigenspace s of on g (see Theorem 
13. 4p . Suppose now that F is a (g, -fC(C))-module. Classically, an invariant 
Hermitian form on ^ is a Hermitian form {,)^ on V with the properties 

{k-v,wf = {v,k-'-w)'', {X-v,wf = -{v,X.wf 

{keK, X € 00, v,weV). 
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(This is the definition that we left unstated in Theorem 17.11 ) The first re- 
quirement is that the compact group K act by "unitary" (that is, preserving 
the Hermitian form) operators; and the second is that the real Lie algebra go 
act by skew-Hermitian operators. This in turn is the differentiated version of 
the condition that G act by unitary operators. The assumption that acts 
by skew-Hermitian operators guarantees that Kq acts by unitary operators; 
so we need the first hypothesis only for a single element k in each connected 
component of K. 

It is equivalent to require either less 



{k ■ V, wf = {v, k-^ ■ w)^, {X ■ V, w)^ = -{v,X ■ w)^ 

{k £ K, X e So, v,w eV) 

or more 

(A; . V, wf = {v, aoik)'^ ■ wf, {X ■ v, wf = -{v, ao{X) ■ wf 

{k e K(C), X G s, v,weV) 



(10.2b) 



(10.2c) 



Of course these are precisely the properties defining a UQ-invariant Hermitian 
form on V (see ()8.7p ). 

In Section [8] we related the existence of invariant forms to the notion 
of Hermitian dual of any (3, Er(C))-module. We therefore need to compute 
Hermitian duals in terms of the Langlands classification. 

Definition 10.3. Suppose F = {H, 7, is a Langlands parameter 
(Theorem 16. ip . The Hermitian dual ofV is 



(/7,-7,i2i). (10.3a) 



As usual the additive notation for characters may be a bit confusing; 
the character of the pm cover H is 



(-7)W =den{h-')- 

Now write H = TA as in 14.31 and 

r = (A, ly) = (A, i/re + mm) (10.3b) 

as in 16.51 with A a discrete Langlands parameter and € 0* . Since 7 

takes values in the unit circle on the maximal compact subgroup T of 
H, we find 

Y^h,ao ^ ^ ^ ^ -^.^^^ (;L0.3c) 
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The most important feature of this formula is that if the continuous 
parameter v is imaginary (Definition 16. 5^ corresponding to a unitary 
character of A) then V^-'"'^ is equal to V . We will see (Proposition 110.^ 
that this means that the corresponding representation admits an invari- 
ant Hermitian form. These are the tempered irreducible representations 
of G, each of which has a natural Hilbert space realization, and therefore 
a positive-definite invariant Hermitian form. 

Proposition 10.4 (Knapp-Zuckerman; see [1^, Chapter 16). Suppose T = 
(A, u) is a Langlands parameter for the real reductive group G, and r'^'°"o = 
(A, —V) is the Hermitian dual parameter. 

1. The Hermitian dual of the standard representation with a Langlands 
quotient is the standard representation with a Langlands submodule: 

[/quo(r)]''''^°=./sub(r''''^°), 

and similarly with quotient and submodule reversed. 

2. The Hermitian dual of the irreducible module J{T) is 

[J(r)]'*''^" ~ J(r^''^o). 

3. The irreducible module J{T) admits a nonzero invariant Hermitian 
form if and only if the Langlands parameter T is equivalent to T^^^o ^ 
In this case there is a nonzero invariant Hermitian form on /quo(r), 
unique up to a real scalar. This form has radical equal to the maxi- 
mal proper submodule /i(r), and factors to a nondegenerate invariant 



Hermitian form on J{T). 
4. Write the parameter T as 



(A,^) 



as in \6.5[ Then J{T) admits a nonzero invariant Hermitian form if 
and only if there is an element w G (Proposition \ 6. 0\ l such that 
w ■ ly = —V. (If such an element w exists, it may be chosen to have 
order 2.) 



5. If J(r) admits a nonzero invariant Hermitian form, then this form is 
unique up to a nonzero real scalar multiple. Consequently the signature 
function 

(cf. Proposition \ 8. 9(1 is uniquely defined up to interchanging the two 
factors pos and neg. 
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We will not reproduce the proof in detail, but here is an outline. Recall 
the description in (j6.4p and Theorem 19.21 of the standard module /quo(r) as 
induced from a discrete series representation; that is, as a space of functions 
/quo on G with values in the discrete series representation D{K), transform- 
ing appropriately under right translation by a parabolic subgroup P. What 
we have proposed as the Hermitian dual is a space of functions /sub on G with 
values in this same discrete series representation, having a slightly different 
transformation law under P. Using the inner product on the (unitary) dis- 
crete series representation gives a complex- valued function (/quo (5), fsnhig)), 
which transforms under P exactly by the modular character of P. The inner 
product function may therefore be identified with a measure on the compact 
homogeneous space G/P, and integrated; then 



(/quo, /sub) — / (/quo (5); /sub (5)) 

Jg/p 

is the invariant Hermitian pairing we want between Iquo(r) and /sub(r). 

Having recalled the classical theory of invariant Hermitian forms, we now 
turn to our main technical tool: the notion of c-invariant Hermitian forms. 

Suppose again that F is a (g, i^(C))-module. A c-invariant Hermitian 
form on y is a Hermitian form (, )^ on V with the properties 

{k-v,wr = {v,k-'-wr, {x-v,wr = -{v,x-wr , 

(10.5a 

{k£K, X e 5"% v,w€V). 

Just as for a classical Hermitian form, we require first that the compact 
group K act by unitary (that is, preserving the Hermitian form) operators. 
What is new is that we require not the real Lie algebra go = 0°^°, but rather 
the compact Lie algebra g'^'^, to act by skew-Hermitian operators. Because 
the action of q'^" usually does not exponentiate to the compact real form of 
G, this new requirement is no longer the derivative of a unitarity requirement 
on a group. Nevertheless the definition still makes sense. 
It is equivalent to require either less 



{k ■ V, wY = {v, k-^ ■ wY, {X ■ V, wY = -{v,X ■ wY 

{k £ K, X e iso, v,w eV) 



or more 



{k ■ V, wY = {v, adk)-^ ■ wY, {X ■ v, wY = -{v, adX) ■ wY 

{k € K{C), X £g, v,weV) 



(10.5b) 



(10.5c) 
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These are precisely the properties defining a cTc-invariant Hermitian form on 
V (see Definition ESD- 

We need to compute c-Hermitian duals in terms of the Langlands clas- 
sification. 

Definition 10.6. Suppose T = [H, 7, R^) is a Langlands parameter 
(Theorem 16. ip . The c-Hermitian dual ofT is 

r'^.-e = (F,-7o0,i?+). (10.6a) 

This is the same as the Hermitian dual, except that we have twisted 
the character by the Cartan involution 6. Write H = TA as in 14.31 and 

r = (A, U) = (A, Ure + mm) (10.6b) 

as in 16. 5^ with A a discrete Langlands parameter and u £ a* . Since 
9 acts by the identity on T and by inversion on A, comparison with 
Definition 110.31 shows that 

r'^''^^ = (A, 17) = (A, ly,, - iv,^). (10.6c) 

In particular, if the continuous parameter ofT is real (Definition ] 6. 5|] 
then T^'"'' is equal to F. We will see (Proposition 110. 7|) that this means 
that the corresponding representation admits a c-invariant Hermitian 
form. 

Proposition 10.7. Suppose T = (A, z/) is a Langlands parameter for the real 
reductive group G, and T^'"'' = (A, V) is the c-Hermitian dual parameter. 

1. The c-Hermitian dual of the standard representation with a Langlands 
quotient is a standard representation with a Langlands suhmodule: 

[Vo(r)]'^'"^ ^ huhiT^'"^), 

and similarly with quotient and suhmodule reversed. 

2. The c-Hermitian dual of the irreducible module J(T) is 

[j(r)]^'^c ~ J(r'^''^-). 

3. The irreducible module J{T) admits a nonzero c-invariant Hermitian 
form if and only if the Langlands parameter T is equivalent to T^''^'^. 
In this case there is a nonzero c-invariant Hermitian form on Iq^^o{T), 
unique up to a real scalar. This form has radical equal to the maximal 
proper submodule /i(r), and factors to a nondegenerate c-invariant 
Hermitian form on J(T). 
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4- Write the parameter T as 



r = {A,u) 

as in \6.5[ Then J{T) admits a nonzero c-invariant Hermitian form if 
and only if there is an element w G (Proposition \ 6.6\ ) such that 
w ■ V = V. In particular, if v is real, then a c-invariant form always 
exists. 

5. Suppose that the continuous parameter v is real. Then any c-invariant 
Hermitian form on J{T) has the same sign on every lowest K-type. 
In particular, the form may he chosen to he positive definite on every 
lowest K-type, and is characterized up to a positive real scalar multiple 
hy this requirement. Consequently the signature function 

(pos}(r),neg}(r)): ^^N x N 

(cf. Proposition \8.9\) is uniquely defined hy the characteristic property 

(pos}(p)(/i),neg}(p)(/i)) = (1,0) fx any lowest K-type o/ J(r). 

Proof. We use the proof of Proposition 110.41 Knapp and Zuckerman began 
with the reahzation 

Vo(r) = Ind^^^^(L»(A) 0iy(g)l) (10.8a) 

(with P chosen of type L with respect to F) and found a natural isomorphism 

[/quo(r)]'^''^« ~ Indf,^^(Z)(A) ®-V® 1). (10.8b) 

Because of the minus sign on the right, it is easy to check that P°p is of 
type L with respect to r'*''^"; so what appears on the right is the reahzation 
of -^sub(r'''''^°) from Theorem 19.21 For the c-Hermitian dual, we are again 
looking at the (same) Hermitian dual of the space of the standard module; 
what has changed is that the representation of g on this dual space has 
been twisted by the Cartan involution 6. Now 9 carries P = MAN to 
P°P = MAN°'P, so it is clear that (writing a superscript for the operation 
of twisting the Lie algebra action by an automorphism) 

[lndg^N{D{A) (g) -u^l)]^ ~ Indf^^^op(L>(A)'' «) 17® 1) (10.8c) 

Harish-Chandra characterized each discrete series representation in terms 
of its distribution character on the 0-fixed subgroup K, so D(A)^ ~ D{A) 
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whenever A is a discrete series representation. The construction of limits of 
discrete series by the translation principle inherits this property. Assembling 
all of this, we find 



Because the minus sign on v has disappeared, it is easy to check that P is 
of type L with respect to r'^''^''. According to Theorem 19. 2^ the right side 
realizes /sub(r'^'°^''). This proves (1). 

Parts (2) and (3) are a formal consequence of (1) and the Langlands 
classification. Part (4) is a restatement of (3), using Proposition 16.61 

For (5), we will use 

Theorem 10.9 (Signature Theorem; [21] . Theorem 6.34). Suppose q = 
i + u is a 6-stahle parabolic subalgebra of q, with corresponding Levi subgroup 
L C G. Write s = dim(u PI 6), and write Cg for Zuckerman's cohomological 
parabolic induction functor from {i, L Ci K) -modules to {q, K)-modules (\21\. 
pages 327-328). 

1. Suppose that Z is an {I, L D K) -module of finite length admitting an 
invariant Hermitian form Then there is an induced invariant 
Hermitian form {,)q on Cs{Z). The signature of {,)q on the bottom 
layer of K -types matches the signature of {,)^ on the corresponding 
L n K -types. 

2. Suppose that Z is an ([, L fl K)-module of finite length admitting a c- 
invariant Hermitian form {,)^. Then there is an induced c-invariant 
Hermitian form {,)q on Cs{Z). The signature of {,)q on the bottom 
layer of K -types matches the signature of (,)^ on the corresponding 
L n K -types. 

Proof. Part (1) is Theorem 6.34 of [21J. Part (2) can be proved by re- 
peating almost exactly the same words, replacing "invariant Hermitian" by 
"c-invariant Hermitian." □ 

We apply Theorem 110.91 to the realization of the standard module I{T) 
in Theorem 19.41 and to the description of the lowest X-types in Theorem 
19. 7[ What this accomplishes is a reduction of (5) to the special case 



[/quo(r)]'^'"= ~ Ind' 



■MAiV°p(-D(A) 1). 



(10.8d) 



H is split modulo center of G; 



(10.10a) 



that is, that all roots of H are real, so that 



P = MAN = TAN 



(10.10b) 
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is a Borel subgroup of G, and the standard representations are ordinary 
principal series representations. We will assume that P is chosen to make 
= Re 1^ weakly dominant: 

W, a"^) > (a € A(n, f)); (10.10c) 

this is a stronger hypothesis than "type L" ()9.1dp . Consider the parabolic 
subgroup Pi = MivliA'^i D P defined by either of the equivalent require- 
ments 

{u,a'^) = (aGA(mi,f)), (lO.lOd) 

or 

{u, a^) > (a G A(ni, f))); (lO.lOe) 

Define 

Hi=MinH, Ti = T\h„ 1^1 = Ml. h = I{Ti); (lO.lOf) 

this last representation is a tempered unitary principal series representation 
of Ml, with continuous parameter equal to zero. Induction by stages says 

Vo(r) = Indf/,Ai7Vi (^1 ^^i^ !)■ (lO.lOg) 

Here finally we have written the standard module precisely as Langlands 
wrote it in |24| : as induced from a tempered representation Ii twisted by a 
character i/ with Re v strictly positive. Because F is assumed to be a Lang- 
lands parameter, this standard module has a unique irreducible quotient 
J(r). It follows that the unitary representation Ii must be irreducible. A 
principal series representation with continuous parameter equal to zero is 
irreducible if and only if it has a unique lowest K type; so we conclude that 

Ii is irreducible, with unique lowest Mi n K-type fii. (lO.lOh) 

We may therefore fix a nondegenerate c-invariant Hermitian form (, )i on /i 
with the property that 

(, )i is positive definite on the lowest Mi n i^-type /ii; (lO.lOi) 

this determines the form up to a positive scalar multiple. 
The c-hermitian dual of /quo(r) is 

[/quo(r)]'^'"^ = Ind^^^^^^op(/f'"= ^1/1^1)- Ind^^^^^^op(/i z^i ® 1). 

(lO.lOj) 
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The last identification here uses the pairing just defined. 

A vector in -/^quo(r) is a function /quo G with values in I-i^ transforming 
in a certain way under the action of Pi on the right. A vector in the c- 
Hermitian dual is a function /sub on G, taking values in Ii, and transforming 
under the action of on the right. The pairing between two such functions 
is 

/ (/quo(A:),/sub(A:))ldfc. (10.10k) 
JK 

A c-invariant Hermitian pairing on /quo(r) is therefore the same thing 
as an intertwining operator 

C: Indfi^A^N^ih ® z^i ^ 1) ^ Ind^^^^^^op(/i z^i ® 1); (10.101) 

the corresponding c-invariant Hermitian form is 

(/quo,/quo)£= / (/quo (A:) , (/I/^uo) (^) ) ^ ^fc. (10.10m) 

In this formula we can use the integral long intertwining operator 

(£/)(g) = / f{gx)dx; (lO.lOn) 

this integral over A^°'' is absolutely convergent because Re z^i is strictly pos- 
itive on the roots of Ai, just as in pi] . 

The lowest i^- types of /quo(r) are the fine representations of K ([38], 
Definition 4.3.9) that contain the (necessarily fine) representation fii of Mif] 
K. Each of them contains /ii with multiplicity one (|38j. Theorem 4.3.16), 
so each lowest iC-type ^ has multiplicity one in /quo(r)- Consequently 

C acts by a scalar >C(/u) on each lowest i^-type /i. (lO.lOo) 

In light of the formula (llO.lOmp for the c-invariant form, and the positivity 
(jlO.lOip . the proof of (5) comes down to proving 

C acts by a strictly positive scalar on each \ 
fine representation I containing /.i. (^O-^^P) 

In order to compute the scalar £(//), we use the product formula of 
Gindikin-Karpelevic (see Schiffmann |31j or [38], Theorem 4.2.22) for the 
intertwining operator C. What this product formula shows is that the scalar 
in question is a product (over the coroots of H taking strictly positive values 
on v) of a corresponding scalar computed in the three-dimensional subgroup 
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(j)a{SL{2,M)). There are two cases: the "even case," in which the character 
6 is trivial on the element of order two (Definition I5.7P ; and the "odd 
case," in which 6{ma) = — 1- 

In the even case, the only fine representation of 50(2) containing 6 is 
the trivial one, so we must begin with the constant function 1 on SO (2) and 
extend it to an element of the principal series representation 

::::)C„* ;.)G t))--"-^-- 

Here v = {v-.a^) is a strictly positive parameter. Necessarily C{feven) is 
constant on 50(2). To compute the constant, we can evaluate at 1, getting 

/l^'^^'^" (G l)) ^ fj^+y'r^''^'^^'dy. (lO.lOr) 

(Here we have computed the Iwasawa decomposition of the matrix in the 
integrand, then used the formula above.) Convergence and positivity of this 
integral are elementary. (Explicit evaluation, to TT^^'^r(v/2)/T{v/2 + 1/2), 
is also easy and well known, but we will not need this.) 

In the odd case, there are two fine representations of 50(2) containing 6, 
corresponding to the functions e^*^ on 50(2). The corresponding functions 
in the principal series are 

Again applying £ has to give a multiple of e=^*^ on 50(2), and we can 
calculate the multiple by evaluating at the identity: 

°° °° (lO.lOt) 

The imaginary part of the integrand is (integrable and) odd, so contributes 
zero; we are left with 

/oo 
(1 + y2)-(^+2)/2^y, (lO.lOu) 
-oo 

which is clearly positive. (The value is tt^/^T{v/2 + l/2)/T{v/2 + 1).) □ 
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11 Standard and c-invariant forms in the equal 
rank case 



Our plan (roughly speaking) is (first) to calculate signatures of c-invariant 
forms, and (second) to relate these to the signatures of ordinary invariant 
forms that we care most about. The first step will occupy most of the rest 
of the paper. The second step is in most cases much easier, and we can do it 
now. But in some cases this easy step will fail. In order to repair it, we will 
introduce (in Section [T2]) a slightly different category of representations. 

Definition 11.1. Suppose that G is a real reductive algebraic group 
as in ()3.ip . and that is a Cartan involution as in Theorem 13. 4( with 
K = . We say that G is equal rank if G and K have the same rank; 
equivalently, if the automorphism ^ of G is inner. In this case a strong 
involution for G is an element x G G such that 

Ad(x) = e, K = G'' 

It follows that X € Z{K), and that 

= ze Z{G) n K. 

Fix X and z as above. For every C € , define 

G^ = {V (^G\z-v = Qv {ve V)}, 

the set of irreducible (g, i^(C))-modules in which z acts by C- Similarly 
define K(^. 

Fix a square root C}/"^ of C- On every ^ € Kq, x must act by some 
square root of C; so there is a sign 

6(^)e{±i}, M^) = e(^)C^/2 (/uei^c). 

Of course e(//) depends on the choice of square root C^/^. 

Theorem 11.2. Suppose G is an equal rank real reductive algebraic group 
with strong involution x € Z{K) (Definition Write z = € Z{G). 

Suppose J is an irreducible {q, K{C)) -module admitting a c-invariant Her- 
mitian form in which z acts by the scalar ^ € C^. Fix a square root 

(^^/^ o/^. Then J admits an invariant Hermitian form (, ) j defined by the 
formula 

{v,w)j = C'^'{^-v,w)j- 
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For each fj, € K(^, the forms on the multiplicity spaces ( Proposition 1 8. 9\ } 
are therefore related by 



the sign e(/i) = ±1 is defined in Definition \ll.l\ Consequently the signature 
functions are related by 



Proof. The formula for the invariant Hermitian form is a special case of 
Proposition 18.161 the two automorphisms 6 and e of that proposition are 
both 9, and we can choose X = x. The statements about signatures are 



Theorem 111.21 provides a very complete, explicit, and computable pas- 
sage from the signature of a c-invariant Hermitian form to the signature of 
a classical invariant Hermitian form, always assuming that G is equal rank. 
If G is not equal rank, there is really no parallel result, as one can see by in- 
vestigating the signatures of invariant Hermitian forms on finite-dimensional 
representations of 5L(2,C) and S'L(3,M). The difficulty is that there is no 
element of G whose adjoint action is the Cartan involution 6. In the next 
section we will address this problem by enlarging G slightly to an extended 
group ^G (containing G as a subgroup of index two). The key property 
of the extended group is that the Cartan involution is inner, and therefore 
we get an analogue of Theorem 111.21 On the other hand, Clifford theory 
provides a very close and precise relationship between representation theory 
for G and for ^G. In particular, information about signatures of invariant 
Hermitian forms can be passed between the two groups. 



(,)%=6(^)(,)%; 




immediate. 



□ 



12 Twisting by 6 



We begin as in Theorem 13.41 with a real reductive algebraic 





and a maximal compact subgroup 



(12.1b) 



Choose a maximal torus (a maximal connected abelian subgroup) 



TfCK, 
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and define 

Hf = ZciTf), (12.1d) 

a fundamental maximal torus in G. It turns out that Hf is tlie group of real 
points of 

F/(C) = Zg(c)(T/), (12.1e) 

and that this group is a complex maximal torus. Clearly Hf is uniquely 
defined up to conjugation by K. Recall from Definition 14. II the dual lattices 

X*=defHom,ig(/7;(C),CX), X, =defHomalg(C^i^/(C)); (12.1f) 

the automorphism 9 acts on these lattices (as a lattice automorphism of 
order two). Recall from Definition 15.21 the finite subsets (in bijection) of 
roots and coroots 

R = R{G,Hf)cX*, = R^iG^Hf) dX^- (12.1g) 

these subsets are preserved by 9. Because every root has a nontrivial re- 
striction to Tf (this is equivalent to the assertion already used that ZciTf) 
is abelian) we can choose a system i?+ of positive roots so that 

9{R+) = R+, 9{U) = U; (12.1h) 

here 11 is the set of simple roots for R^ (Definition 15. 2p . We define 

tRD = action of 6* on {X* ,U, X^,U'^); (12. li) 

the quadruple on the right is the based root datum of G{C) ([37], 16.2.1). 

We need to lift the automorphism tRD to G(C). Of course the Cartan 
involution 9 is such a lift; but it is convenient to make a simpler and more 
canonical choice. For every simple root a E 11, we fix a root vector 

Xa^Qa (a en). (12.2a) 

This choice of simple root vectors is called a pinning for the based root 
datum of (112. lip . We can (and do) make these choices in such a way that 

9{X^) = Xep (/3 / 0/3 G n). (12.2b) 

Since 0^ = 1, we must have 

e{X^) = e(7)X^ = ±X^ (7 = ^7 e H). (12.2c) 
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These choices then define root vectors X-a by the requirement 

[X,,X_,] = //„ = daV(l) = #„(^J (a en) (12.2d) 

(notation as in Definition 15. 2p . Finahy, these choices of root vectors may be 
made compatibly with the compact real form Uc of Theorem 13.41 

ac{X^) = = (a € H). (12.2e) 

It is a standard fact (see for example [37], Theorem 9.6.2) that any au- 
tomorphism (like ^rd) of the based root datum has a unique lift to an 
automorphism of algebraic groups 

(5/ : G(C) ^ G(C) (12.2f) 

preserving Hf, acting by the automorphism t^D on X* {H f{<C)), and satis- 
fying 

5f{X^) = = (a € n). (12.2g) 

Because of the uniqueness of (5/ and the explicit formulas given above for 9 
and o"c, we see that 

^2 = 1^ ^^Q = Q^^^ j^^^ = ^^j^. (12.2h) 

We emphasize that the based root datum automorphism t-^D is deter- 
mined canonically by 9, and in fact just by the inner class of 9 (that is, by 
the Ad(G(C)) coset of 9 in Aut(G)). The lift 6f to G(C) is determined by 
tptD and the choice of pinning. 

Definition 12.3. With notation as in ()12.2p . the extended group for 
G(C) is the semidirect product 

^G{C) = G{C) X {l,df}. 

According to (|12.2|) . the automorphism 6f preserves the subgroups G, 
K, and K{C). We can therefore form all of the corresponding extended 
groups, for example 

•^G = G X {l,Sf}. 

Because of ()12.2hp . the real forms o"o and (7^ both extend to real 
forms of ^G{C) acting trivially on 5j: 

^G(M, ao) = ^G, ^K(R, ao) = 



83 



and so on. 

A strong involution for the real form G is an element 
X = xodf € G{C)6f = ^G(C)\G(C) 
with the property that 

Ad(x)b(c) = e- 

In particular, this implies that 

X G ^K{C), x'^ = ze Z{G{C)). 

By construction of 5/, strong involutions for G must exist. In fact, since 
5f and 9 are automorphisms of G(C) that agree on the Cartan Hf{C), we 
must have 

xo G Hf{C), xl = x^ = ze Z{G{C)). (12.4a) 
More precisely, the construction of (5/ in (jl2.2p shows that xq must satisfy 

/3(xo) = l i/3^e{/3)eU), 
7(xo) = e(7) = ±1 (7 = 0(7) en). 

Conversely, any solution xq of these equations determines a strong involution 
for G. Evidently we can find such a solution with the additional property 

Xq € (-f^j)o lias finite order. (12.4c) 

The finite order hypothesis implies that o"c(xo) = xq (since Uc defines the 
unique compact real form of Hf{C))] so xq is also fixed by ao = 6 o ac, and 
therefore 

xoeK cG. (12.4d) 

Definition 12.5. Suppose F = (A, v) is a Langlands parameter, written 
as in Proposition 16. 6p . The -twist ofT is 

= {A,eu). 

In the case of real infinitesimal character (that is, if is real-valued) 
this is the same as the Hermitian dual (Definition 110. 3p : 
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The next result uses Clifford theory to lift the Langlands classification 
of irreducible representations of G (Proposition I6.6P to the extended group 
^G. Just as for G, it says that each irreducible module J' is the unique 
irreducible quotient of a "standard module" I'. 

Proposition 12.6. In the setting of Definition \12.'3l fix a strong involution 
X = xqS for G as in (fT^ (so that xq G K, and x'^ = z € Z{G) D K). 
Fix an irreducible {q, K)-module J, corresponding to a Langlands parameter 
r = (A, u) (Proposition \6. 6\) : write /quo for the standard module of which J 
is the unique irreducible quotient. 

1. The twists J^f and = (Definition \8.11\) are isomorphic (by the 
linear map by which xq & K acts on J). Either twist therefore defines 
an action of {1,5 f} on the set G (Definition \2. 14\ ) ■ 

2. The twist corresponds to the Langlands parameter . 

3. If c:^ J, then J admits exactly two extensions J± to an irreducible 
module for ^G, differing by the sign character of^G/G ~ {1,5^}. In 
this case J or J± is type one (Definition \8. 14^ . 

4- If — J, then also I^^^ ~ /quo; o.^'d this module has exactly two 
extensions /quo.i to a module for ^G. Each extension /quo,± has a 
unique irreducible quotient J±, one of the two extensions of J. 

5. If ^ J, then 

J„rf = Ind[^J)^(J) = Je/ 

is the unique irreducible {q,^ K)-module containing J. In this case J 
and and Jmd fl'^e type two (Definition \8. 14\ ) ■ 

6. If 9^ J , then also 1^^^ /quo; and 

T — J^A^-^'^^^T \ — T m 

-'quo, ind — (q,K) v <5uoJ — -^quo vP -iquo 

has Jind = Jind '^^^ unique irreducible quotient. 

This is essentially a specialization of Proposition 18.131 (Clifford theory) 
to ^G. The labels it in (4) and (5) do not have any particular meaning; it 
may not be the case that one of the two extensions is preferred. 

The modules /quo,± and /quo,ind are called standard modules; of course 
we can in exactly the same way define /sub,± and /sub.ind- 
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The only part of the Langlands classification that behaves a little differ- 
ently for is that in the case 9^ J, the lowest '^ii'-types of J^^^ and li^^ 
have multiplicity two (rather than one as in the classical case). 

Now Proposition 110.71 lifts easily to the extended group. For brevity we 
write only the case of real infinitesimal character. 

Proposition 12.7. Suppose J' is an irreducible {g,^ K) -module of real in- 
finitesimal character, and is the corresponding standard module. 

1. The module J' admits a nondegenerate c-invariant Hermitian form 
{, Y that is unique up to a real scalar multiple. It may he chosen to he 
positive definite on the lowest ^K-types of J' . 

2. The module I'^^^ admits a nonzero c-invariant form that is unique up 
to a real scalar. This form has radical equal to the maximal proper 
suhmodule I[ of I'^^^, and factors to a nondegenerate form on J'. 

3. If J' restricts to an irreducible J for G (so that also I'^^^ = Iquo) then 
the c-invariant forms for ^G are the forms for G. 

4. If J' = Ind( J) = J + , then the c-invariant form on J' for is equal 
to the orthogonal sum of the form for J on both J and ( using the 
identification of the vector spaces for J and (Definition \8.11\) . A 
similar statement holds for I' . 

This is immediate from Proposition 110.71 The result allows us to pass 
information about signatures of c-invariant forms back and forth between G 
and ^G with no difficulty. 

There is one possible confusing point. The outer automorphism 5f need 
not act trivially on 3(0), so the irreducible J' may not be annihilated by a 
maximal ideal m but only by a product mm''^ of two maximal ideals. But 
the property that a maximal ideal correspond to real infinitesimal character 
is preserved by 5f, so in this case what we mean by "real infinitesimal char- 
acter" for J' is that either of these two maximal ideals has real infinitesimal 
character. 

Definition 12.8. Suppose that G is a real reductive algebraic group 
with extended group ^G (Definition 112. 3p . Fix a strong involution x € 
^K\K as in (fT2a . so that 

^ = Ad(x), x^ = z^Z{^G)^K 
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For every (" S C^, define 

^(^ = {V' eHJ\z-v = Qv G V')}, 

the set of irreducible (g, ''i^)-modules in which z acts by Q. Similarly 
define Kc_. 

Fix a square root C}^'^ of Q. On every ^jl' G ''-ftTc;, x must act by some 
square root of C; so there is a sign 

Of course e(^') depends on the choice of square root C^/-^. 

Theorem 12.9. Suppose G is a real reductive algebraic group with extended 
group (Definition \12.3\) . Fix a strong involution x for G, an eigenvalue 
C, for the central element z, and a square root C}/"^ of Q as in Definition \12.8[ 
Suppose J' G ^Gc_ is an irreducible of real infinitesimal character. Write 
{, )j, for a c-invariant Hermitian form on J' positive on the lowest -types 
(which exists by Proposition \12.7^ . Then J' admits an invariant Hermitian 
form (, ) J/ defined by the formula 

{vM^j' = C^'^x ■ v,w)j' = C'^\v,x- wYj,. 

For each fi' G ^K,^, the forms on the fi' multiplicity spaces ( Proposition 1 8. 9\} 
are therefore related by 



the sign e(/u') = ±1 is defined in Definition \12.8[ Consequently the signature 
functions are related by 



(pos°,(^'),negO,(/.')) 



(pos},(/.0,neg},(^0) (e(M') = +l) 
(neg},(^'),Pos},(^')) (e(M') = -l) 



Proof. The formula for the invariant Hermitian form is a special case of 
Proposition 18.16] by Cartan's original construction of the Cartan involution, 
the two automorphisms 5 and e of that proposition are both 9, and we can 
choose X = x. The statements about signatures are immediate. □ 
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13 Langlands parameters for extended groups 



Proposition 112.61 provides a nice abstract description of the irreducible rep- 
resentations of an extended group. For the unitarity algorithm which is our 
goal, we will need something more concrete and precise. This is of the same 
nature as what we have already done with the formulation of the Langlands 
classification in Theorem 16.11 which replaced the "tempered representation 
of a Levi subgroup" appearing in [24J with a character of an appropriate 
cover of a real maximal torus. Proposition 112.61 says that an irreducible 
representation of G fixed by 9 and corresponding to a Langlands parameter 
has two extensions to ^G. We are going to index these two extensions by 
two extensions of the parameter. 

Throughout this section we fix an extended group 

^G = Gx {1,(5/} 

as in Definition I12.3|, and a strong involution 

X = xo6f G ^K\K, Ad(x) = e, = ze Z{G) n K (13.1b) 

as in (112. 4p . We fix also a ^-stable maximal torus H C G (Definition 15. 7p . 
Evidently H is normalized by x, so we can consider the extended group 

''H = {H,x), (13.1c) 

and try to extend a Langlands parameter to a character of ^H. This is almost 
always impossible when H is not fundamental (see p2.ip ). The reason is 
that what is preserved by 6 is not the parameter but only its conjugacy class 
under K. 

The point of this section is to find replacements for to which Lang- 
lands parameters can usefully extend, and in this way to parametrize repre- 
sentations of ^G. We begin with basic information about the extended Weyl 
group. 

Proposition 13.2. In the setting of Definition \ 12.3\ and (jl3.ip . write H{C) 
for the complexification of the 9-stable real torus H . Fix a maximal torus 
H{C) and a system of positive roots 

Rt C R{G,H), 

with simple roots Hi. Write 

Si = {sa\a(£ Hi} c W{G{C),H{C)) = W 



(13.1a) 
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for the corresponding set of simple reflections (Definition \5.S\) . Define 

'W=defNsGic)iH{C))/HiC)DW 
the extended Weyl group of H{C) in G(C). 

1. There is a unique nonidentity class 

ti{Rt) = ti£^W 
with the property that ti ■ Rf = Rf. 

2. Conjugation by ti permutes the generators Si of W , and provides a 
semidirect product decomposition 

= W >4 {l,ti}. 

Write Ti for the set of orbits of {l,ti} on Si. We identify Ti with a collec- 
tion of elements of order 2 in W , as follows. Suppose 

t = {s,s'} s' = ti{s). 

Then we associate the orbit t to an element of W by 

t o long element of {s, s') 

's t = {s = s'} 

= < ss' t = {s s'}, ss' = s's 

^ss's = s'ss' t = {s s'}, ss' 7^ s's. 

Each of these elements has order two and is fixed by ti . 

3. The group W*^ of fixed points of the automorphism ti acts as a re- 
flection group (in fact a Weyl group) on the lattice {X*y^ of ti-fixed 
characters of H{C). The set Ti described above is a set of Coxeter 
generators. 

4. Recall from ()12.ip the fundamental maximal torus Hj and positive root 
system R'^ used to construct the extended group. There is an element 
g G G(C) with the property that 

Adig)iHf{C)) = H{C), Ad{g){Rp = Rf. 

The coset gHf{C) = H{C)g is unique. 
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5. Conjugation by g defines a canonical isomorphism 

^WiG{C),Hf{C)) ^ ^W{G{C), H{C)), 

carrying tf to ti and Sf (the simple reflections for W{G{C), Hf{C))) 
to Si. 

6. Conjugation by g carries the lift Sf G of tf to a lift 

6i G NsG(c)iH{C)) 

ofti. TheH{C) conjugacy class of 6i — i.e., the coset 6i[H{C)^^^]o — is 
unique. We call these the distinguished lifts of ti . 

This is an immediate consequence of the corresponding facts about the 
Weyl group (see for example [37], Corollary 6.4.12 and Proposition 8.24). 

Definition 13.3. In the setting of Proposition[T3?2l a twisted involution 
in W is an element wi gW with the property that 

Wltl{'Wl) = 1. 

The twisted conjugate of wi by y gW is 

w'l = ywi[ti{yy^]. 

Clearly wi is a twisted involution if and only if witi is an involution 
in the nonidentity coset Wti C ^W. In this correspondence, w[ is a 
twisted conjugate of wi if and only if w[ti is a I^-conjugate of witi. 

Lemma 13.4. Suppose we are in the setting of Proposition U3. and Defi- 
nition \13.3[ 

1. Each twisted conjugacy class of twisted involutions has a representative 

Wl = Sp^S,i^---Sfi^, 

with an orthogonal collection of ti- fixed roots. 

2. The number m is an invariant of the twisted conjugacy class of wi . 
We have 

m + dim(— 1 eigenspace of ti) = dim(— 1 eigenspace ofwiti). 

3. The following conditions on an involution t2 € Wti are equivalent: 
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i) t2 is conjugate by W to ti; 

ii) t2 preserves some system of positive roots R2 ; 

Hi) dim(— 1 eigenspace of t2) = dim(— 1 eigenspace of ti) 

Proof. Write 

for the rational part of the dual of the Cartan. Decompose this space as 

i)Q = Vi{witi)(BV-i{witi) 

according to the eigenspaces of witi. We prove (1) by induction on the 
dimension d of V-i{witi). There arc no elements for which d = —1, so in 
that case the assertion in (1) is empty. 

Suppose therefore that d > 0, and that the result is known for d — 1. 
There are two cases. Suppose first that there is a root 71 G V-i{witi). Put 
W2 = Sj^W2, so that 

Vi{w2ti) = Viiwiti) e Q/3, V-i{w2ti) = keiip"^) n V-i{witi). 

Clearly W2ti is an involution with —1 eigenspace of dimension cZ — 1, so by 
induction 

W2ti = 2/[s/32% • • • s/3jtiy~'^. 

If we define Pi = y~^ ■ 71, then it is easy to check that (1) holds for wi. 

Next, suppose that there is no root 7 € V-i{witi). We may therefore 
choose a weight ^2 € ^1(^1^1) vanishing on no coroots; for the only coroots 
7^ on which every element of V\ vanishes are those with 7 G V-i. Now 
define 

R+ = {aeR\ ^2{a^) > 0}. 
This is a system of positive roots, and 

witiiR^) = R^ 

since witi fixes 72. Therefore witi must be the unique element t2 € Wti 
fixing R2. If R2 = yRi, then evidently 

witi =t2 = ytiy~^. 

This proves (1) (with m = 0). 

The remaining assertions in the lemma are elementary consequences of 
(1). □ 
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Definition 13.5. In the setting (jl3.ip . the extended real Weyl group of 
H is 

^W{G,H) = Nsg{H)/H ~ Nsk{H)/{H n^K) 

C^WiG{C),H{C)) 

(notation as in Definition 15.71 and Proposition I13.2p . According to 
P3.ip . the extended real Weyl group always has an element 

xH =def Oh, 
which is characterized by the two properties 

9h ^ W{G{C),H{C)), Oh acts on H by the Cartan involution. 

Consequently ^W{G, H) inherits from ^W{G{C), H{C)) the short exact 
sequence 

1 ^ W{G, H) ^W{G, H) {1, 6} 1; 

but the splitting of this sequence by Oh is not one of the nice ones 
described in Proposition 113. 2T 2). 

An extended maximal torus in ^G is a subgroup D H, subject 
to the following conditions. 

a) The group is not contained in G, and H : H] = 2. Equivalently, 
we require that he generated by H and a single element 

ti=wi6H C^^W{G,H)\W{G,H), 

of order two. 

b) There is a set Rf C R = R{G, H) of positive roots preserved by ti. 

We do not include a particular choice of R^ as part of the definition 
of ^H. Typically we will write something like 5i G r\ for a 
representative of ti. 

The first thing to notice is that the obvious group {H, 9h) (generated by 
H and the strong involution x of (|12.4p ) is not an extended maximal torus 
unless the set of real roots is empty; that is, unless H is fundamen- 
tal. The reason we impose the requirement b) above is that representation- 
theoretic information is typically encoded not just by a Cartan subalgebra, 
but rather by a Borel subalgebra containing it. (This is the central idea in 
the theory of highest weights.) 

Nevertheless, every maximal torus is contained in an extended maximal 
torus. 



92 



Example 13.6. Following ()9.3p . choose q = [ + u, so that the roots of H in 
in [ are precisely the real roots of H in q. Fix a set of positive real roots 
R^, and define 

i?Y2 = R^ U {roots of H in u}. 

Write i(;o,R for the long element of W{Rti), which carries R^ to —R^, and 
ao,K for a representative of this Weyl group element in Nk{H). Because u 
is preserved by 0, we find that 

wo,^eH{Rt) = Rt- 

Therefore H and Jyz = <7o,r ■ x generate an extended maximal torus ^^H, 
with tvz = wo,r6h- 

Definition 13.7. Suppose is an extended maximal torus in ^G. An 
extended Langlands parameter is a triple Fi = (^//, 71, i?^), subject to 
the following conditions. 

a) The group is an extended maximal torus for ^G, with distinguished 
generator ti e ^W{G,H) (Definition [133]) . 

b) The element ti preserves the positive imaginary roots i?^ from Fi. 

c) As a consequence of (2), the character 2pi^ of H extends naturally to 
^H, and so defines the double cover (Lemma 15. 9p . We require 
that 71 be a level one irreducible representation of this cover (and 
therefore of dimension one or two). 

d) The restriction of 71 to H is (automatically) a sum of one or two 
irreducible characters 7 of the double cover of H; and we require 
that F = (i7, 7,i?^) be a Langlands parameter for G (Theorem 6.1). 

We say that Fi (or F) is type one if 71 is one-dimensional; equivalently, 
if the corresponding parameter F for G is fixed by ti. We say that 
Fi (or F) is type two if 71 = 7ind is two-dimensional (Definition I8.14p . 
In order to guarantee that a parameter corresponds to an irreducible 
representation of ^G, we need to require also 

e) if Fi = Find is type two, then F is not equivalent to F^. 

Just as in Definition (631 we can define continued and ifea^ extended 
parameters; on these we impose only conditions a)-c), and insert "con- 
tinued" or "weak" in d). We do not require anything like e), just as 
weak Langlands parameters are not required to be final (condition (5) 
of Theorem 16. ID . 
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Of course one of the things that we want is that type one representa- 
tions of the extended group (Proposition I12.6P correspond precisely 
to type one extended parameters. There is a subtlety here. Under hypothe- 
ses a)~d), it will be fairly easy to see that a type one extended parameter 
corresponds to a type one representation, and that a type two representa- 
tion corresponds to a type two parameter (see the remarks after Lemma 
113.101 below). Proposition 113.1^ will provide a converse: that any type one 
representation has a type one parameter. The proof of that proposition 
shows first of all that in order to find this type one parameter — that is, to 
find a one-dimensional extension of the character 7 — we must choose the 
extended torus properly. (There is a type two extension, given by induc- 
tion, for any extended torus containing H.) The point of condition (e) is to 
require us to make a proper choice of extended torus, so that the type of 
the representation corresponds to the type of the parameter. 

We turn next to the definition of equivalence of extended parameters. 
The subtlety here arises entirely from the possibility that a single Langlands 
parameter may extend to two distinct extended tori. Before giving the 
definition, we recall a little about the stabilizer of a Langlands parameter. 

Lemma 13.8. Suppose T = (A, z^) is a Langlands parameter decomposed as 
in Definition \6.5[ with A = (A, -R^)- Write for half the sum of the roots 
in -R^, and A = dX, so that [A — pi^] is a character of T . Define 

i?° = {a E /?(g, [] I (a^,A) = {a" ,v) = (a^,p«) = 0}. 

1. The roots are the root system for a real quasisplit Levi subgroup L^ 
ofG. 

2. The real Weyl group W{L^,H) is equal to the centralizer of Oh in 

3. If a is a real root in , then Sq ■ A = A, and [A — PiM\{ma) = 1 
(notation as in Definition \5. Tj j. 

4. The stabilizer ofV in W{G,H) is equal to W{L'^,H). 

5. The character [A — pjig] of T is trivial on the intersection of T with the 
identity component of the derived group [L^ , L"] . 

Definition 13.9. Two extended parameters of type two are said to be 
equivalent if the underlying Langlands parameters are equivalent. 



94 



In the type one case, we need to be concerned about the possibihty 
that the extended torus to which F extends is not unique. Suppose 
therefore that F is a Langlands parameter on a maximal torus and 
that 

'H = {H,ti), ^H={H,t2) 
are two extended tori to which F extends; that is, that 

p<i _ _ Y 

Therefore = wh, with w G W{G,Hf = W{L^,H) (Lemma HMD- 
Choose a representative 5\ for ii, and a representative a for w belonging 
to the identity component of the derived group of L^. Then 

62 = oSi 

is a representative for t2. 

Suppose Fi and F2 are extensions of F to ^i/ and respectively. 
We say that Fi is equivalent to F2 if 

[Al - PiRliSl) = [X2 - PiR]{S2)- 

According to Lemma 113.81 this condition is independent of the choice 
of representative 61 above. More generally, we say that a type one 
extended parameter Fi is equivalent to an extended parameter F3 if F3 
is conjugate by K to some F2 as above. 

We are going to show (Proposition 113.121 below) that the parameter 
for a type one irreducible representation in fact extends to an appropriate 
extended torus. The next lemma shows what we need to do. 

Lemma 13.10. Suppose F = {H,j,R'^) is a Langlands parameter (Theo- 
rem \6.1\) . Write H = TA and F = (A, v), with A = (A, as in Definition 
\6.5\; put X = dX ^i* , so that 

(A, v)(^i* + a* = f)* 

represents the infinitesimal character of J(F). Then F extends to the ex- 
tended torus = {H,ti = wiOh) if o,nd only if 

1. wiX = A; 

2. wi{Rl^) = Rl^; and 
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3. wiv = —V. 
These three conditions are equivalent in turn to 

This is clear from the definitions (since the real Weyl group element 
Wl must commute with the action of 6h on H). In particular, the lemma 
implies that a Langlands parameter T on H can extend to some extended 
torus for H only if T^" is conjugate to F by the real Weyl group; that is 
(Proposition I12.6P only if JiT) is type one. 

The converse requires a bit more work, on which we now embark. Assume 
that JiT) is type one, so that 

T^H =wT (some w G W{G, H)). (13.11a) 

Write H = TA and 

r = (A,z.), A = (A,ii+) (13.11b) 

as in Definition 16. 5| put A = dA € t*, so that 

(A, z^) G t* + 0* = f)* (13.11c) 

represents the infinitesimal character of J(r). 

We want to prove that V extends to some extended torus ^H, and in fact 
to understand all possible extended tori to which V extends. The easiest way 
to construct an extended torus {H,ti) is to construct a system of positive 
roots preserved by ii; by Proposition 113.2^ 1). such a system determines ti. 
Since we want also that ti should carry T to F, it is reasonable to use F to 
construct positive roots. To simplify the discussion, and because (in light of 
Theorem 17. ip it is our primary interest, we consider F of real infinitesimal 
character. This means in particular that 

(a^,A)GM, {a'^,u)eR {a e R{Q,t})). (13.11d) 

(The first of these conditions is automatically true for any F.) If now (A, v) 
is regular, then we could define a positive root system 

R+(r) = {a G R{q, t}) I (a^, (A, u)) > 0}. (13.11e) 

The only candidate for an extended torus to which F extends in this case 
is the one generated by the unique ti G W9h preserving R~^{T). There are 
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two difficulties with this approach in general. One is that (A, v) need not be 
regular. The second is that it is not so easy to see whether the element ti 
defined in this way belongs to the extended real Weyl group W{G,H)6h- 

We therefore take a slightly different approach. Begin with what is (more 
or less obviously) a "triangular" decomposition of the root system, into the 
roots of the nil radical of a parabolic subalgebra; the roots of the Levi factor; 
and the roots of the opposite nil radical: 

R+(X) = {ae R{q, t}) I (a'', A) > 0} 

U{aei?(g,f}) I (a\A) =0, (q^/5«)>0} 
i?o(A) = {a G i?(5, f)) I (a^, A) = 0, (a^,PiM) = 0} 
R-(X) = -R+(X); 

here is half the sum of the roots in R'^. The parabolic subalgebra is 

J.(A) = KA)+n(A), ^ ^ ^^^^ 

i?(n(A),f))=i?+(A), Rm,[))=R\X). ' 

To make a parallel construction for u, we must fix a system of positive 
real roots making v weakly dominant: 

R^D{a£RR\ {a"^,u) > 0}. (IS.llh) 

It follows from Lemma 113.81 that such a choice of R^ is unique up to the 
action of W{G, H)^ ■ With this choice in hand, we can define 



R+{iy) = {aeRiQ,l)) I (a^,z.) >0} 

U {a G R{q, f)) I (a^, u) = 0, {a'' , p^) > 0} 
rO(u) = {q G R{q, f)) I (a^, z.) = 0, (a^, /5r) = 0} 
R-{i,) = -R+{v)- 



(13.11i) 



here /jr is half the sum of the roots in The corresponding parabolic 

subalgebra is written 

p{v) = \{u) + n{v), 
R{n{v),^)=R+{v), R{\{v),\^)=R\v). ' 

We now combine these two constructions of parabolic subalgebras, defining 

i?+(A, v) = R+{X) U (i?°(A) n R+{iy)) 

R\X,u) = R^{X)nR°{u) (13.11k) 

R^{X,u) = -R+{X,u); 
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The corresponding parabolic subalgebra is written 

p(X,u) = [(\,i^) + n(X,u), (13 111) 

We could equally well have reversed the roles of A and z^, obtaining a different 
parabolic subalgebra p(z^, A). The Levi subalgebra l(A, z^), corresponding to 
the coroots vanishing on A, pi^, and pu, would be the same. We will see 
that these two parabolic subalgebras correspond to two constructions of the 
standard representation for the extended group. 

Proposition 13.12. Suppose T = {H,^,R'^) is a Langlands parameter 
(Theorem \6. Assume that the conjugacy class ofT is fixed by twisting by 
9 (equivalently, by x ^ ^G); equivalently, that the corresponding irreducible 
representation J(r) extends to ^G. Write H = TA and T = (A, v) as in 
Definition \6.5]; put \ = dA £ i* , so that 

(A, u) £i* + a* = f)* 

represents the infinitesimal character of JiV). Fix a system of positive real 
roots making v weakly dominant. 

1. The Levi subgroups Liu) and L{X) corresponding to R^{u) and R^{X) 
are 9-stable and defined over M. 

2. The parabolic subalgebra p(i/) is defined overM, and so corresponds to 
a real parabolic subgroup P{i') = L{u)N{u) of G. 

3. The parabolic subalgebra p(A) is 6-stable. 

4- The group L{v) has no real roots for H , so H is a fundamental Cartan 
in L[v). 

5. The group L{X) has no imaginary roots for H , so H is a maximally 
split torus in the quasisplit group L{X). 

6. The Levi subgroup L(X, u) = L{X) n L(i') is real and 9-stable. 

7. There are neither real nor imaginary roots of H in L{X, u), so L{X, u) 
is locally isomorphic to a complex reductive group. 

8. The real Weyl group W{X^ v) for H in L(X, u) is contained in the 
stabilizer ofV. 
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Choose a real Borel subgroup B = HN C L{X) contained in P{y) fl L{X), 
and write 

wq{\) = long element of W {L{X) , H) . 

Because L(A, u) is locally isomorphic to a complex reductive group, we can 
choose a sum of simple subsystems 

R^{\,v) C R{\,u) 

in such a way that 

R{\,v) = R^{X,v) U eR^{\,u), R^(\,u) =defeR^(X,iy). 

Write 

R'^'+iX, v) = roots inN {x = L, R). 
Because the roots in N are permuted by —9, we have 

9R^'+(X, v) = -R^'+(X, y) eR^'+(X, v) = -R^'+(X, u). 

We consider now two different positive root systems for f) in q: 

= R+{\) u [i?°(A) n U i?^'+(A, u) U -R^'+{\, u), 

i?+.2 = R+(X) u [R\\) n R+{v)] U ii^'+(A, u) U ii^'+(A, u), 

9. The element wq(X) fixes T. 

10. The stabilizer of (r, in the coset W{G, H)eH is VF(A, i/)u;o(A)6'ij . 

11. The element t2 =def wo{\)9h preserves R^''^, and so generates an 
extended torus to which T extends. 

12. The element ti =defWQ{\, v)wq{\)9h preserves R'^'^ , and so generates 
an extended torus to which T extends. 

13. The action of wo{X)9h preserves R{\,v) and the system of positive 
roots R^'~^ U R^~^ defined by N; so it defines an involutive automor- 
phism of the corresponding Coxeter system (PF(A, v), S{X, v)). The ex- 
tended tori to which F extends correspond to certain conjugacy classes 
of twisted involutions in this Coxeter system, the correspondence send- 
ing a twisted involution x to {xwq{X)9 h , H) . 
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Example 13.13. Suppose G = 5^(6, C). Choose for H the subgroup of 
diagonal matrices, so that 

0* = {(z/i, . . . , i/e) € I ^ i/i = 0}. (13.13a) 

i 

The real Weyl group is Sq, acting on a* by permuting the coordinates. The 
restrictions to a of the roots are the thirty elements 

{ci - ej \ I < i ^ j < 6}. 

Each of these corresponds to a single pair of roots {a, —9a). Wc will abuse 
notation and call this set R. The upper triangular matrices constitute a 
Borel subgroup, corresponding to the positive system 

= {ei-ej\l<i<j < 6}. (13.13b) 

Consider the Langlands parameter 

T = {l,v), i/ = (l, 1,0, 0,-1,-1), (13.13c) 

corresponding to a spherical principal series representation. Because A is 
trivial, L{\) = G. We have 

R\u) = {±(ei - 62), ±(e3 - 64), ±(65 - 66)}, 

, , (13.13d) 

R'^if) = R'^ - |6i - 62, 63 - 64, 65 - Cq}. 

So 

W(X, u) = {1, S12} X {1, S34} X {1, S56}. (13.13e) 

The element wo{X) is the long element of Sq, which reverses the order of the 
six coordinates: 

wo(X){jyi, ...,Uq) = (uq, . . .,Ui). 

Conjugation by —wo{X) (since we are looking only at o, we can think of 6h 
as —1) interchanges the two generators S12 and S56, and fixes S34. It is easy 
to check that there are exactly two conjugacy classes of twisted involutions, 
namely 

{1,S12S56} and {S34S12, S34S56}- (13.13f) 

The first class corresponds to t2 in the Proposition, and the second to ti. 
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Proof. Recall from Proposition 14.21 that complex conjugation acts on the 
roots by —0. Therefore a Levi subalgebra containing f) is real if and only if 
it is 0-stable. That the sets R^{i') and R^{X) are 0-stable is immediate from 
the fact that Ov = —v and 9\ = A. This proves (1). 

For (2), the fact that —9u = u implies that R'^{u) is preserved by com- 
plex conjugation. Similarly (3) follows from OX = A. 

For (4), no real coroot can vanish on and (5) is similar. Part (6) is 
immediate from (1). 

The first assertion in (7) follows from (4) and (5). That this forces 
every simple (real) factor to be a complex group follows either from the 
classification of real forms, or from any of the ideas leading to the proof of 
that classification. 

Part (8) is a consequence of the analysis of the Weyl group action on 
Langlands parameters made in [42j. 

The hypothesis on F is that there is an element w € W{G, H) such that 
w6h^ = F; so 

wX = A, wR+^ = i?+ , wi^ = -V. 

The first two conditions imply that w G VF(L(A),ff), and the last that 
w G VF(A, v)wq{X). Now (10) follows, and the rest of (9)-(13) are elementary 
consequences. □ 

Section [9] offered two constructions of standard modules from Langlands 
parameters, using appropriately chosen systems of positive roots. In the 
same way we will find two constructions of standard modules for from 
extended parameters. For a type two parameters, the standard represen- 
tation is simply induced from a standard representation for G; we will say 
nothing more about that case. We continue to assume for simplicity that the 
infinitesimal character is real, and therefore place ourselves in the situation 
of (113. lip . Here is the first construction, based on Langlands' construction 
of the standard representations of G. 

Definition 13.14. In the setting (jl3.1ip . write 

= {H, 5i), h = wiOh e V(G, H) (13.14a) 

for the (first) extended maximal torus constructed in Proposition 113.121 
and Fi = (Ai,z^) for an extended Langlands parameter extending F, 
decomposed as in Definition 16.51 Write i?^ for the system of positive 
imaginary roots that is part of the discrete parameter A, and R^ for a 
system of positive real roots making u weakly dominant and preserved 
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by ti (such as the one used in the proof of Proposition 113. 12p . Then 
(Lemma [Hin]) 

hA = A, hu = u, tii?+=i?+, tiR+ = R+. (13.14b) 

Define a real parabohc subgroup 

P{u) = L{v)N{v), ti{P(u)) = P{v) (13.14c) 

as in Proposition 113. 12T 2I. (This parabohc subgroup is shghtly smaller 
than the one in Langlands' original construction of standard representa- 
tions, which used only v and not also the choice of positive real roots.) 
We may therefore define 

^L{v) = {L{v),ti), (13.14d) 

the group generated by L{v) and (any representative of) ti; we get 

^P{v) = ^L{v)N{v), (13.14e) 

a parabolic subgroup of ^G. Because the imaginary roots are all in 
L{y), Ti is still an extended parameter for ^L{y). We will define 

/quo,G(ri) = indJ^(,)(Vo,i(,)(ri) ® 1). (i3.i4f) 

(Here induction is normalized as usual.) So we are reduced to the 
problem of defining the extended standard representation on ^L{y). 

The 0-stable parabolic p(A) of Proposition 113.12( 3) clearly meets 
[(A) in a ^-stable parabolic subalgebra 

p(A) n {{v) =def P((.)(A) = [(A, v) + n,(,)(A) (13.14g) 

with Levi factor L(A, v) and preserved by ti. By the particular choice of 
ti (among all elements preserving F) there is a 0-stable Borel subalgebra 
b(A, u) in [(A, v), containing f), that is also preserved by ti. We therefore 
have a ti-stable, ^-stable Borel subalgebra 

b(A, u) + n[(^)(A) =def b\{u) = ^ + (13.14h) 

with Levi subgroup H. Recall that Ai involves a genuine character Ai 
of the Qiw cover of ^T. Following ( [Ogl ), we define a character 

Ai,b,(„) = [Ai - pm\ - 2/o(n((^) n «) + 2pe,iiR (13.14i) 
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of ^T. Here the first term in brackets is a cliaracter of by Definition 
I5.lt tfie second, thought of as the "sum of the compact positive roots," 
means the character of on the top exterior power of the indicated 
nilpotent subalgebra; and the third is the character on the top exterior 
power of the span of the compact imaginary roots. (We cannot just say 
"sum of roots," because the extended torus may permute the root 
spaces.) 

Fohowing Theorem 19. 4| we use cohomological induction to define 

Vo,LH(ri) = (^i^;^T^^^"''^)^ri,,.^^,) (i3.i4j) 

Here s = dim(n[(;^) D t). A little more explicitly, what this definition 
means is this. 

1. The representation Iquo,L{iy)(Xi) contains the ^{L{u) n K) representa- 
tion of highest ^T-weight (with respect to n((j^) fl t) 

^i(ri) = [Ai + pm] - 2pc,«. (13.14k) 

2. Equivalently, the weight 

/xi(ri) - 2p(n((,) n t) = Ai,(„(,) + MHu)) (13.141) 

appears in (n°^^^ n /quo,L(i/)(ri)) • 

3. The restriction map 

Hs (<f), Vo,LM(ri)) ^ (n°P) n«,/q,o,i(,)(ri)) 

is an isomorphism on the ^T-weight space in question; and 

4. The extended torus acts on this ^T-weight space by the character 
ri,b,(,) +2/9(n((j,)). 

Here is the corresponding construction emphasizing instead cohomolog- 
ical induction. 

Definition 13.15. In the setting (jl3.1ip . write 

2^ = {H, 62), t2 = WiOn G ^W{G, H) (13.15a) 

for the (second) extended maximal torus constructed in Proposition 
113.121 and r2 = ( A2 , v) for an extended Langlands parameter extending 
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r, decomposed as in Definition [631 Write for tlie system of positive 
imaginary roots that is part of the discrete parameter A, and for a 
system of positive real roots making u weakly dominant and preserved 
by t2 (such as the one used in the proof of Proposition 113. r2|) . Then 
(Lemma [mU]) 

tiA = A, hij = ij, tiii+=i?+, tiR+ = R+. (13.15b) 

Define a ^-stable parabolic subalgebra 

p(A) = [(A) + n(A), t2(p(A)) = p(A) (13.15c) 

as in Proposition ll3.l21 f3l. (This parabolic subalgebra is slightly smaller 
than the one used in [38] to construct standard representations; that one 
used only A and not also the system of positive imaginary roots.) We 
may therefore define 

^L(X) = {L(X),t2), (13.15d) 

the group generated by L{X) and (any representative of) t2. 

Just as in ( |9.3gP , the extended parameter r2 for G defines an ex- 
tended parameter 1^2 p(A) ^^W- The cohomological induction con- 
struction of the extended standard module is 

kno,G{^2) = {L^o.L(X)0^2.r,(X)))- (13.15e) 



Here s = dim(n(A) fl fi), which is different from (generally larger than) 
the s appearing in Definition 113.141 

What remains is to construct the standard module I^^^ l(x)(^2 p(A)) 
for the group ^i(A). But this is easy: we saw in Proposition I13.1"2l 5) 
that L{X) is quasisplit, with a Borel subgroup B = HN making u 
weakly dominant. The element t2 was constructed to satisfy 

t2{N) = N, (13.15f) 

so we simply define = '^HN, and 

V,MA)(r2,p(A)) = ^^'if\^2,p-X))- (13.15g) 
That this representation extends 



-^quo,L(A)(Tp(A) — Ind^^ ^(^p(A)^ 



is immediate. 
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Theorem 13.16 (Langlands classification for extended groups). Suppose 
that G is the group of real points of a connected complex reductive algebraic 
group (cf. dSlD and that is a corresponding extended group (cf. (jl2.ip ). 
Then there is a one-to-one correspondence between infinitesimal equivalence 
classes of irreducible quasisimple representations of ^G (Definition \2.14\ ) 
and equivalence classes of extended Langlands parameters for ^G (Defini- 
tion \13.T^ . In this correspondence, type one representations (those restrict- 
ing irreducibly to G) correspond to one- dimensional parameters; and type 
two representations (those induced irreducibly from G) correspond to two- 
dimensional parameters. 

This is a consequence of the Langlands classification for the connected 
group (Theorem 16. ip . of Clifford theory (Proposition 18.13]) . and of the anal- 
ysis of extended parameters made in Proposition 113.121 above. Of course 
one wants to know that the two constructions offered above lead to exactly 
the same standard representations (the alternative being that the two ex- 
tensions to ^G are sometimes interchanged). This can be proven in the same 
way as the equivalence of the constructions in Theorems 19.21 and 19.41 above 
(HI], Theorem 11.129). We omit the details. 

14 Jantzen filtrations and Hermitian forms 

For the rest of this paper we will need to work with extended groups and 
their representations, in order to make use ultimately of the description of 
invariant Hermitian forms in Theorem ll2.9l In some cases, as in the present 
section, the extension from G to ^G is entirely routine and obvious. In such 
cases we may formulate results just for G, in order to keep the notation a 
little simpler. 

Character theory for Harish-Chandra modules is based on expressing 
the (complicated) characters of irreducible modules as (complicated) integer 
combinations of the (relatively simple) characters of standard modules. We 
want to do something parallel for signatures of invariant forms: to express 
the invariant forms on irreducible modules as integer combinations of forms 
on standard modules. A fundamental obstruction to this plan is part (3) 
of Propositions 110.41 and 110.71 if the Langlands quotient is proper, then the 
standard module I{T) cannot admit a nondegenerate invariant Hermitian 
form. 

Jantzen (in [16], 5.1) developed tools to deal with this obstruction; what 
we need is contained in Definition 114.91 below. The idea is that each Lang- 
lands parameter T = (A, i/) (Definition 16. 5p is part of a natural family of 
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parameters 



=def (A, tu) 



{0<t< oo). 



(14.1) 



For f > 0, it is evident that Tt inherits from T the formal defining properties 
of a Langlands parameter. At i = 0, all the real roots satisfy (^7, a^) =0, 
and condition 5 of Theorem 16.11 can fail; Fq may be only a weak Langlands 
parameter (Definition 16. 3p . It is a classical idea (originating in the defini- 
tion of complementary series representations for SL{2) by Bargmann and 
Gelfand-Naimark, and enormously extended especially by Knapp) that one 
can study questions of unitarity by deformation arguments in the parameter 
t. In order to do that, we need to know that the family of representations 
indexed by Fj is "nice." (The parameter t may be allowed to vary over all 
of M or C for many of the statements to follow; this causes difficulties only 
with references to the "quotient" realization of a standard module, or to 
invariant Hermitian forms. In a similar way, we could allow the continuous 
parameter to vary over all of 0*, rather than just over the line Mu, with 
similar caveats.) 

Proposition 14.2 (Knapp-Stein |23J, Theorem 6.6). If T = (A, i/) is a 

Langlands parameter, then all of the (weak) standard modules (for t > 0) 
Iquo(Xt) o-nd Isuhi^t) (cf (|14.ip ) may be realized on a common space 

ViA) =rfe/IndiSn/r(^(A)|A/ni^) 
(notation as in (16. 4|) ). In this realization 

1. the action of the group K (and therefore of the Lie algebra t) is inde- 
pendent oft. 

2. The action of the Lie algebra g in /quo(Fj) depends in an affine way 
on t. That is, for each X in q there are linear operators Qq[X) and 
Qi{X) on V{X) so that the action of X in /quo(Ft) is QQ{X)+tQi{X) . 
When V{N) is interpreted as a space of functions on K, the operators 
Qq{X) are first-order differential operators, and the operators Qi{X) 
are multiplication operators. 

3. The action of the Lie algebra q in Isuh{^t) depends in an affine way 
on t. That is, for each X in q there are linear operators Sq{X) and 
Si{X) on V{h.) so that the action of X in Iquo(Xt) is So{X) + tSi{X). 
When V{A) is interpreted as a space of functions on K, the operators 
Sq{X) are first-order differential operators, and the operators Si{X) 
are multiplication operators. 
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For t > 0, there is a nonzero interwining operator 

Lt = Lt{T): I^^oiTt) ^ IsuhiTt), 

unique up to a nonzero scalar multiple. Fix a lowest K-type of J{T) 
(equivalently, a lowest K-type ofV{X)) and normalize Lf by the requirement 

Lt\^ = ld. 

4- The intertwining operator Lt is a rational function oft (that is, each 
matrix entry is a quotient of polynomials) having no poles on [0, oo). 

5. The limit operator Lq is a unitary intertwining operator between two 
unitarily induced representations. 

6. Suppose that JiT) admits a nonzero invariant or c-invariant Hermi- 
tian form (, )i. Regard this as a form on /quo(r) with radical equal to 
the maximal submodule, and therefore as a form on V{A). Then this 
form has a canonical extension to a rational family of forms {,)t on 
V{A), characterized by the two requirements 

(a) for t > 0, the form {, )t is invariant for /quo(rt); and 

(b) the form {,)t is constant on the fixed lowest K-type (j,. 

The family of forms also satisfies 

(c) the form {,)t has no poles on [0, oo); and 

(d) for t > 0, the radical of {,)t is equal to the maximal proper sub- 
module, so that the form descends to a nondegenerate form on 
the Langlands quotient J{Tt). 

Outline of proof . We will not give a detailed argument; but since the results 
about rational dependence on t are so fundamental to our unitarity algo- 
rithm, we will recall briefly the reasoning. Of course the statement about a 
common space is part of Theorem 16. Ij and the description of that space is 
a consequence of the decomposition G = KM AN. (This is closely related 
to the Iwasawa decomposition of G, but not the same, since MAN is not a 
minimal parabolic subgroup of G. If one begins with a minimal parabolic 
subgroup MiAiNi of M, then Mi{AiA){NiN) is a minimal parabolic in G, 
so G = K{AiA){NiN) is an Iwasawa decomposition. Combining this with 
the Iwasawa decomposition M = (M n K)AiNi of M leads to the formulas 

G = KM AN, G/MAN ~ K/M n K (14.3) 
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and then immediately to the description of V{A).) Part (1) of the theorem 
is now obvious. 

For part (2), write A and p for the actions of g on functions on G by 
differentiation on the left or the right respectively. To make an element 
X € act on a function /q € V{A) — that is, a function on K with values 
in the space of A, transforming on the right under M fl K — we must first 
extend /o to a function fi, on all of G, with an appropriate transformation 
on the right under MAN. The action of X on f^, is on the left, by A(X). 
To calculate it, we use the formula 



To compute the action of p(Ad(A; ^)X) on f^, we compute the (unique) 
decomposition 

Ad{k-^)X = K{k, X) + fi{k, X) + aik, X) + /3{k, X)Gt + mns + o + n. 

Here s is the —1 eigenspace of the Cartan involution. The action of /3{k, X) 
is zero by definition, and that of X) and fj,{k, X) is (almost obviously) 
independent of ly. The action of a{k,X) is multiplication by the smooth 



which depends in an affine way on v. This proves (2). Part (3) is identical, 
with N replaced by N°p. 

The existence and uniqueness of the intertwining operator Lt is part of 
the Langlands classification (Theorem l6.ip . Once the normalization is made, 
we can calculate Lt in the following way. Fix any representation [pi^Ei) 
of K, having multiplicity n in V'(A). Pick any one-dimensional subspace 

in El , and choose a basis {vi , . . . ,Vn} for the corresponding subspace 
of V^(A). Pick a one-dimensional subspace 5*0 of the lowest K-type and 
a basis vector vq for the corresponding line in V^(A). Because /(F) has a 
unique irreducible quotient representation J(r) that contains the vector 
Vq necessarily generates /(F) as a module over the Hecke algebra R{qo,K) 
(see Chapter 1). So we can find elements rj G R{qq,K) with 



Now write 5q € R{K) for a projection operator on £^0 ^md for a projection 
on El. This means 



\{X){k) = p{k<l{k-^)X){k). 



function 



{u + p){a{k,X)), 



ri-vo = Vi 



(in /(F)). 



(14.4) 




projection on Eq (t = /Uq) 
(r ^ po) 
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(with T some irreducible representation of K); and similarly for 6i. (Such 
elements can be found because the Hecke algebra of K may be identified with 
the sum of the endomorphism algebras of all the irreducible representations 
ofK.) Then 

6i-Vi = Vi, 5i-V{A) = {vi,...,Vn). 
For any value of t, the element 

of R{qo,K) carries vq to the span of the Vi] so we can define an n x n 
matrix- valued function Q of t by 

n 



i=l 

(The letter Q refers to the "quotient" standard module.) According to part 
(2) of the theorem, the entries Qij are polynomial functions of t, of degree 
bounded by the degree of the enveloping algebra elements appearing in r^. 
According to ()14.4p . <5(1) is the identity matrix. 

In exactly the same way, we can define an n x n matrix S{t) by 



■ ^0 = X] (™ -^sub(ri). 



1=1 



Again we find that the entries of S are polynomial functions of t. 

The intertwining operator L{t) respects the action of K, so preserves the 
span of the Vi; so we can define an n x n matrix M{t) by 



k=l 

The intertwining property of L{t) means that 

L{t) ■ Tj ■ Vq = rj ■ L{t) ■ Vq. 

By the normalization of L{t), L{t)-VQ = vq; so this last equation is equivalent 
to the matrix equation 

M{t)Q{t) = S{t). 
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Because (5(1) is the identity, Q{t) ^ is a rational matrix-valued function of 
t, with no poles near t = 1; so 

M{t) = S{t)Q{ty^ 

has the same property. This argument proves (4), except for the assertion 
that there is no pole at zero. 

To deal with the possible pole at zero, and to prove (5), it is helpful 
to vary the continuous parameter not just along the line but in all of 
0*. The (normalized) intertwining operator L{i'') is a rational function of z^', 
with no poles in some positive open cone: the matrix entries are quotients of 
polynomial functions of z^'. We fix a real- valued and regular linear functional 
p, and we let v' approach not zero but the small purely imaginary character 
iep. In this case the limit representation /(A, iep) is unitary and irreducible, 
so the limiting intertwining operator L[iep) must act by a positive real scalar 
times a unitary operator. Since L was normalized to be one on a fixed lowest 
iC-type, this scalar must be equal to one: so L{iep) is unitary. Taking the 
limit as e — )• gives (5). The absence of the pole at zero follows as well. 

Part (6) is a formal consequence of these facts about L{t) and the de- 
scription of invariant forms in Propositions 110.41 and 110.71 □ 

We are going to use the rational family of intertwining operators L{t) 
to analyze the submodule structure of /quo(r). We have already seen that 
defining 

/quo(r)° =dcf/quo(r), Vo(r)^ =dcf ker(L(l)) (14.5a) 
has the consequence 

Vo(r)7Vo(r)' ^ J{T). (14.5b) 

Once we have decided that the family of operators L{t) is interesting, it is 
natural to try to define 

-^quo(r)^={t' € V'(A) I L{t)v vanishes to order two at t = 1} C /quo(r)^. 

The difficulty is that this space need not be a submodule. Here is why. 
Suppose that L[t)v vanishes to second order, and x is in the Hecke algebra 
R{qq,K). Write -t for the action in /quo(rt)- We would like to show that 
L{t)\x -1 v] vanishes to second order at t = 1. The natural way to do that 
would be to interchange x and L{t). But this we are not permitted to do: 
the correct intertwining relation is rather 

L{t)[x-tv\=x-t[L{t)v\. (14.5c) 
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The correct definition of the Jantzen filtration is 

{for some rational function fv{t) with"] 
V e V{A) I /^(i) = V, L{t)f^{t) vanishes to order > (14.5d) 
r at t = 1. J 

It is easy to check that can be taken to be a polynomial of degree at 
most r — 1 without changing the space defined. Another way to write the 
definition is 

{for some rational function fv{t) with^j 
V € V{K) I /,(l) = v,{t- ir-L{t)Ut) is finite \ (14.5e) 
at t = 1. ) 

Now the invariance of /quo(r)'^ under the Hecke algebra is easy: if fy is 
the rational function of t certifying the membership of v in /quo(r)'', and x 
belongs to the Hecke algebra, then we can define 

fx-iv{t) =def X -t fv{t), 

which is a rational function of t taking the value x-iv at t = 1. Furthermore 

m[u,,{t)] = L{t)[x -t ut)] = x-t [L{t)ut)]. 

The function [L{t)fy{t)] is assumed to vanish to order r at t = 1, so this is 
true after we apply the operator- valued polynomial function x-t- That is, 
the function fx-^v shows x -iv also belongs to Iqao{^)^ ■ 

The Jantzen filtration is the decreasing filtration by submodules 

/quo(r) = /quo(r)° D /quo(r)^ D I^^^f D • ■ ■ (14.5f) 

Because the image of the intertwining operator is the Langlands quotient, 
we get 

/quo(r)^ = kerL(l), /quo(r)°/Vo(r)' ^ J{T). (14.5g) 

Since we are talking about rational functions, (114. 5dj) could formally be 
extended to negative values of k, using order of pole rather than order of 
vanishing. Since L[t) has no poles for t > 0, such a definition adds nothing 
for Iquo(r). But it is perfectly reasonable to consider the inverse intertwining 
operator 

L{t)-^ : /sub(rt) ^ /quo(rt), (14.5h) 



111 



(always on our fixed space V{A).) Again the matrix coefficients are rational 
functions of t, but now there can be lots of poles in (0,oo). For r > 0, we 
define 

{for some polynomial function gv{t)^ 
V G V{A) I with 5„(1) =v, {t- iyL{t)-^g^{t) is \ (14.5i) 
finite at t = 1. 

On this side the Jantzen filtration is 

= /sub(r)^ c /.ub(r)° c /sub(r)-^ c • • • c /sub(r). (u.sj) 

The Langlands subrepresentation is 

/,,b(r)° = imL(i), /sub(r)°/^sub(r)i ^ J(r). (i4.5k) 

Lemma 14.6 (Jantzen |16) . Lemma 5.1). Suppose E and F are finite- 
dimensional vector spaces over a field k, and 

L G k{t) ®k ^ovcik{E, F) ~ Homfc(t)(A:(t) E, k(t) F). 

is a rational family of linear maps from E to F. Assume that L is invertible 
over k{t); equivalently, that dim^. £^ = dim^. and that in any bases for 
E and F, the representation of L as a matrix of rational functions has 
determinant a nonzero rational function. Define 

{for some rational function fv{t) 
v^E \ with /„(1) =v,{t- l)-''L(t)/„(t) > 
is finite at t = 1. 

{for some rational function gw{i) with 
w^F\ g^{l) =w,{t- l)"U(t)-i<7«,(i) IS 
finite at t = 1. 

1. These are finite decreasing filtrations of E and F, with 

E^ = 0, E~^ = E, all R sufficiently large, 
and similarly for F . 

2. Taking residues defines natural isomorphisms 
lM(1) = lM : E''/E''+'^ ^ F-''/F-''+\ = {t - iyL{t)f^{t) 

with /t, as in the definition of E^ . The inverse is (L^^)[~''l. 
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3. Define an integer D by 

det(L) = (i — 1)^ {rational function finite and nonzero at t = 1). 
Then 

oo 

D= rdimE''/E^+^. 

r=— oo 

4- Suppose that L is finite at t = 1. Then E~'^ = E for all r > 0, and 

oo 
r=l 

We will have no occasion to make use of (3) , but Jantzen made it a very 
powerful tool, so we include the statement. In fact Jantzen looked only at 
the case when L is finite at i = 1, and wrote the result in the form (4); so 
we include that version as well. 

Sketch of proof. We can multiply L by a power of {t — lY to ensure that 
L is finite at t = 1. (This shifts all the filtrations by c, and multiplies 
det L by — l)c 'JimE^ shifts D by c • dmiE. All the conclusions of 

the theorem are essentially unchanged.) Now consider the local ring A of 
rational functions finite at i = 1. The ring yl is a unique factorization PID, 
and t — 1 is the unique prime element. Look at the free A modules 

M = A®kE, M' = A^kF- 
The operator L amounts to an injective module map 

L: M ^ M'. 

The module M' /LM is finitely generated, so the elementary divisor theorem 
provides a basis {m'l, . . . , m^} of M' and nonnegative integers 

di < d2 < ■ ■ ■ < dn, 

so that 

{{t-lY'm'^,...,{t-lf-m'^} 
is a basis of LM. Since L is injective, the elements 

m =AeiL-\{t-lf^m',) 
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are automatically a basis of M. Working in these bases, it is easy to show 
that 

= span of values at 1 of {mj | di > r}, 

and 

detL = (t - 1)^^=1'^' (unit in A). 

The assertions of the lemma are now easy to check. (For example, in 
the bases {m,} and {m'^}, L is diagonal with the entry {t — 1)'^ appear- 
ing dim(£;'^/£"^+i) times.) □ 

Proposition 14.7 ( j43l . Theorem 3.8). Suppose T = (A, i/) is a Langlands 
parameter, and Tf = (A, tv) (0 < t < oo) . Write 

Lt: /quo(rt) /sub(rt) 

for the rational family of Knapp-Stein intertwining operators constructed in 
Theorem \14-^ Define J antzen filtrations (of suhmodules) 



= /sub(r)^ c /sub(r)° c /sub(r)-^ c • • 



'quoV-*^ J — -'quoV-'- 7 -'quoV-'- 7 ^quo 

and 



as in (|14.5p . 



1. Each J antzen filtration is finite: for R sufficiently large, /quo(r) = 0, 
and /sub(r)"^ = /sub(r). 

2. The Langlands quotient is 

/q,o(r)/ker(Li) = /quo(r)Wo(r)' ^ J{T) 

~/sub(r)7^sub(r)^ = imLi/{o}. 

3. The residual operators (Lemma \14-6^ 2)) define {qq, K)-module isomor- 
phisms 

: /quo(r) 7Vo(r)''+' ^ /sub(r)-7^sub(r)-'-+^ 

4- Suppose that J{T) admits a nonzero invariant or c-invariant Hermi- 
tian form (, )i. Extend this to a rational family of invariant forms (, )t 
as in Proposition \14-S\ Then there are nondegenerate invariant forms 



on Vo(r)Wo(r) 



r+l 
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defined by 

= I'is'- - 1>-'(/.(»). (r«.VES'. ^" 

Sketch of proof. For the finiteness of the filtrations, recall that /(F) has a 
finite number of irreducible composition factors. Choose some irreducible 
representation fJ-i oi K (1 < i < N) appearing in each of these composition 
factors, and let E C V'(A) be the sum of the //^-isotypic subspaces, a finite- 
dimensional space. By the choice of the ;Uj, 

each nonzero {qq, iir)-submodule of /quo(F) ^-^^ g-j 

has nonzero intersection with E. 

Because they respect the action of K, the intertwining operators Lt must 
preserve E. If we apply Lemma 114.61 to the restrictions of Lt to E, we 
conclude that (for large R), /quo(F)^ n E = 0. By (fTTBD . it follows that 
/quo(F)^ = 0. The rest of (1) is similar. Part (2) is part of the Langlands 
classification Theorem 16. 11 Part (3) is immediate from Lemma [l4.6t applied 
separately to each (finite-dimensional) K-isotypic subspace. 

For part (4), invariant forms are described in Definition l8.6l in terms of in- 
tertwining operators with Hermitian dual representations. Propositions 110.4] 
and 1 1 . 7l compute the Hermitian duals of standard quotient-type modules as 
standard sub- type modules. In the presence of (for example) a c- invariant 
form on J(F), the conclusion is that 

/quo(Ft)''''^^ ~ /sub(Ft). 

The invariant pairings defining this isomorphism were constructed from a 
fixed isomorphism for the underlying spaces 

J: V{Af ^V{A). 

Now it follows from the definitions that 

:/quo(F)l'^''^^)^^/sub(r)-^ + \ 

SO that we get isomorphisms 

[/quo(F) Wo(r)'^+Y'''^ ^ /sub(r)-74ub(r)-'^+^ 

The isomorphism Jo from /quo(F)''//quo(F)'"^^ to its Hermitian dual is 
the invariant Hermitian form in (4). □ 
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Definition 14.9. Suppose F is a Langlands parameter, and that the 
Langlands quotient J{T) admits a nonzero invariant or c-invariant Her- 
mitian form (,). Define nondegenerate invariant forms 

on Vo(r)Wo(r)''+' 

as in Proposition 114.71 Write 

(posM,negM): K ^NxN 

for the signatures of these forms (Proposition I8.9| ). The Jantzen form 
for /quo(r) is the nondegenerate form 

oo oo 

on grVo(r) =def ^ Vo(r)Wo(r)'-+^ 

r=0 r=0 

Write 

oo 

(posj(r),negj(P)) = ^(posM,negM) 
for the signature of this form. 

This is all that we need for the next few sections. Eventually, however, 
we will be studying these forms by deformation in t, and we will want to 
know how the signatures change with t. 

Corollary 14.10 ([43], Theorem 3.8). Suppose T is a Langlands param- 
eter, and that the Langlands quotient J{T) admits a nonzero invariant or 
c-invariant Hermitian form {, )i. Consider the family of standard represen- 
tations /quo(ri) (for t >0) and the family of invariant forms {, )t extending 
as in Proposition \14-'A ^'^'^ every t > 0, define forms 

on Vo(roWo(rt)^+^ 

with signatures 

(pos[''l,neg[''^): K ^ N x N 
as in Definition \14-S\ Write 

oo 

(poSj,negt) = ^(pos[''',negf^) 

r=0 

for the signature of the (nondegenerate) Jantzen form on gr/quo(rj). 
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1. The subspace Iquoi^t)^ = kerL^ is zero unless Iquoi^t) is reducible. 
This can happen only if either 

a) there is a real root a such that 

{tu, a^) G Z\{0}, Aq(m„) = 

(notation as in ()9.3dp ); or 

b) there is a complex root 6 such that {{dX,tiy),5'^) G Z, and 

{tu,6'')>\{dX,6'')\. 

These conditions define a discrete set of values oft — in fact a subset 
of a lattice in M. On the complement of this discrete set, the form (, )t 
is nondegenerate and of locally constant signature 

(poSt,negJ = (pos[°^,negf'). 

2. Choose e so small that I{Tt) is irreducible for t G [1 — e, 1) and for 
te (1,1 + e]. Then 

oo 

(posi+,,negi+J = (posi,negi) = ^(posj^', negf'), 

r=0 

(posi_„negi_J = J]] (posf'.negf^) + ^ (negf ^, posf 

r even r' odd 

Equivalently, 

posi+, = posi_, + ^ (pos^''' -negj^'^ , 

r odd 

negi+, = negi_, + ^ (^negf ' - posf . 

r odd 

That is, the signature of the form changes at reducible points according 
to the signature on the odd levels of the Jantzen filtration. 

We will not reproduce the (elementary) proof from [43j . The main point 
is the limit formula at the end of Proposition 114.71 the factor (s — 1)"'" is 
positive unless r is odd and s < 1. 
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15 Signature characters for c-invariant forms 



In this section we will begin to explain what it means to "calculate" the 
signature of a c-invariant Hermitian form on an irreducible representation. 
We have already seen in Theorem 112.91 how to relate this to calculating the 
signature of a classical invariant Hermitian form. Just as in Section the 
extension to is relatively easy; so to keep the notation simple we discuss 
only G. 

The idea is that the (Jantzen) Hermitian forms on standard modules 
(Definition 114. 9p are taken as building blocks, and we seek to express the 
forms on irreducible modules in terms of these building blocks. In order 
to set the stage, we begin with the classical and simpler case of character 
theory. 

Recall from (j2.1cp the center of the enveloping algebra 3(0)- Fix an 
algebra homomorphism ("infinitesimal character") 

X:3(S)^C (15.1a) 

By Harish-Chandra's theorem, x corresponds to a single Weyl group orbit 
Ofj{x) in i)* , for every Cartan subalgebra f) in g. We will write 

eA:3(5)^C (Aer) (15.1b) 

for the homomorphism defined hy W ■ \ (Theorem 15. 4p . Define 

B{x) = equivalence classes of Langlands parameters 
of infinitesimal character x] 



(15.1c) 



(cf. Theorem l6.ip . Sometimes it will be convenient to index the infinitesimal 
character by some particular weight A G {)*, and to write 



B{X) = classes of parameters of infinitesimal character 
= BiCx). 
We will occasionally need 

-^weak(-^) = weak parameters of infinitesimal character 



(15.1d) 



(15.1e) 
(Definition ES]). 

In the notation of Theorem 16.11 T G B{x) if and only if d'j G 0(,(x); 
equivalently, if and only if x = ^^7- The set B{x) is finite, of cardinality 
bounded by the sum over conjugacy classes of real Cartan subgroups H of 

[H :Ho][W{g,l)) :W{G,H)]. 
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Define 



mH,r = (multiplicity of J(H) as composition factor of /(F)) 
=def m^(r)(J(H)) eN. 

In the Grothendieck group of virtual (gO) -f^)-modules, this is the same as 

(The brackets denote the image in the Grothendieck group, and serve as 
a reminder that this equality need not be true on the level of modules.) 
Because the center of the enveloping algebra acts by scalars on the standard 
module I{T), the multiplicity m=^r can be nonzero only if H and F belong 
to the same set B{x)- So we can regard m as a finite matrix of nonnegative 
integers, with entries indexed by the finite set B{x)- Theorem 16.11 savs that 
the diagonal entries are equal to one: 

mr,r = 1- (15. Ih) 

We can impose a preorder <rp on B{x) by the length of the real part of 
the continuous parameter. (In Definition 118.51 below, we will introduce the 
Bruhat order, which is a partial order on B{x) with fewer relations than this 
one, but still satisfying the analogue of (115. lip . The point of using <rp is 
simply to get quickly a weak version of upper triangularity, so that we know 
certain matrices are invertible.) Langlands' proof of Theorem 16. II shows that 

mH,r / =^ H <RP T; (15.1i) 

and that if "equality holds" (that is, if the real parts of the continuous 
parameters have the same length) then H = F. Therefore the matrix m is 
upper triangular with integer entries and ones on the diagonal. Accordingly 
it has an inverse with these same properties: we can define Mp^iji G Z by the 
requirement 

^mH,rMr,vp = fe,* (H, F e B(x)). (15.1j) 
r 

This is equivalent to an equation in the Grothendieck group of virtual 
(go; -fir)-modules, 

[jm = Y.^^Mm]- (15.1k) 

r 
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We can also write this as an equation for distribution characters (Theorem 
EUD: 

0JW=E^r,vi>e,(r). (15.11) 
r 

Since the characters of the standard modules /(F) were (in principle) 
computed by Harish-Chandra, this formula expresses the character of an 
irreducible representation J(H) in terms of known distributions 6/(r) > and a 
matrix of integers Mr,*. The integers My^^i are computed by the Kazhdan- 
Lusztig conjectures (to which we will return in Sections 1181 and [T9]l . 

All of this discussion takes place in the Grothendieck group of finite 
length (floi i^)-modules. To make a parallel discussion of invariant forms, we 
need something like a "Grothendieck group of modules with a nondegenerate 
invariant form." The difficulty with this idea is that the restriction of a 
nondegenerate form to a submodule may be degenerate; so the category of 
modules with a nondegenerate form is not abelian, and it is not so clear 
how to define a Grothendieck group. This issue is addressed by Lemma 
3.9 in [43j; we repeat the argument (phrasing it a little more formally and 
generally) in the next few results, culminating in Proposition 115. iTl 

Lemma 15.2. In the setting of Proposition [KVl suppose M is an admissible 
({),L) module of finite length, admitting a nondegenerate a -invariant form 
{,)m- 

1. The form {,)m defines an isomorphism M ~ M^'"^ (Definition \8. 6\) . 

2. Forming orthogonal complement 

=def {me M \ (m, n) = 0, all n e N} 
is inclusion-reversing on suhmodules of M, and [N-^)-^ = N. 

3. The isomorphism of (1) restricts to 

4- The radical of the invariant form 

{,)n =def restriction of {,)m to N 
is equal to N f] N-^ . 
5. If Ni and N2 are suhmodules, then 

{Ni n N2)^ = + N:^, (^1 + ^2)^ = n . 
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This is entirely elementary; the admissibility hypothesis allows us to 
focus on the finite-dimensional multiplicity spaces defined m ( la.al i. 

Proposition 15.3. In the setting of Proposition suppose M is an ad- 
missible {^,L) module of finite length, with a nondegenerate a-invariant 
form {,)m- Suppose S is an {[), L)-submodule of M. Use the notation of 
Lemma \15.2l Define 

R = S f] S""*" = radical of form restricted to S. 

1. The form {,)g_^^s± has radical equal to R, and so descends to a non- 
degenerate form on {S + S-^)/R. 

2. There is an orthogonal direct sum decomposition 

(S + S^)/R = (S/R) © (S^/R). 

3. The form provides a natural identification 

R^^" ~ M/R-^ = M/{S + S^). 

4- The signature 

(posM,negM): K ^NxN 

is given by 

posjv/ = poss/R + poss±/R + mult/j, 
negAf = negg/j^ + negs±/R + mult/j . 
Here umltR is the multiplicity function for the module R. 
The proof is immediate from the lemma. 

If A is any admissible (f), L)-module, then the direct sum AQ)A^''^ carries 
a natural nondegenerate form vanishing on both summands; the formula is 

((a,0,(«',O)hyp = e(a') + eR- (15.4) 
This is called the hyperbolic form. Its signature is easily computed to be 

POSAeA'^.- = mult^, neg^eAh.- = multA ■ (15.5) 

The proposition says that, in terms of signatures of invariant forms, the 
module M looks like 

iR(BR''^'')(BiS/R)(BiS^/R). 



121 



It need not be the case that M has this decomposition as a module. 
For us such modules will arise from "wall-crossing" translation functors. 
For example, there is a representation of SL(2,M) carrying a nondegener- 
ate invariant Hermitian form and three irreducible composition factors: a 
discrete series representation with 50(2)-types indexed by {2,4,6, . . .}, ap- 
pearing twice, and the trivial representation (having only the 50(2)-type 
indexed by zero). The form has signature (1,1) on each of the nontrivial 
S'0(2)-types. There is a submodule S containing the trivial representation 
and one copy of the discrete series. On this submodule the radical R is the 
discrete series representation, 5-*- is equal to R, and S + = S. 

Definition 15.6. Suppose (as in Proposition 18. 9p that (f),L(C)) is a 
pair with L{C) reductive, and that cr is a real structure defining a com- 
pact form L (Definition 18. ip . The Grothendieck group of finite length 
admissible {\],L{C)) -modules with nondegenerate a-invariant Hermitian 
forms (briefly, the Hermitian Grothendieck group) is the abelian group 
Q{\], L{C)Y generated by such (M, (, ) m)-, subject to the following rela- 
tions. Write [M, (,)m] for the class in the Grothendieck group. When- 
ever 5 is a submodule of M, and R is the radical of the restricted form 
(, )5, then we impose the relation 

[M, (, )m] = [R® (, )hyp] + [S/R, (, )s/r] + [S^/R, (, )s^/r]- 

The motivation for the definition is Proposition 115.31 That proposition 
provides exact sequences 

^ i?^ ^ M ^ R''''' (15.7a) 

O^R^R^ ^ S/R © S^/R 0, (15.7b) 

and therefore an equality 

[M] = [R(B R^^"] + [S/R] + [S^/R] (15.7c) 

in the ordinary Grothendieck group ty(f),L(C)) of admissible finite-length 
(f), L(C))-modules. From this we conclude that there is a natural homomor- 
phism of abelian groups 

^(f),L(C))'^^^(f),L(C)), [M,(,)m]^[M] (15.7d) 

defined by forgetting the form. Proposition 115.31 also implies that there is a 
well-defined signature homomorphism 

(pos., neg.) : ^(f), L(C))'^ ^ Map(L, Z x Z), 

[M, (,)m] ^ (posM,negA/). 
The fundamental fact about the ordinary Grothendieck group is 
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Proposition 15.8. Suppose that (f),L(C)) is a pair with L{C) reductive 
(Definition \8. 1]) . The Grothendieck group of admissible {i} , L{C)) -modules of 
finite length is a free abelian group (that is, a free Z-module) with generators 
the (equivalence classes of) irreducible admissible {[), L{C)) -modules. There 
is a well-defined multiplicity homomorphism 

mult, : g{[), L(C)) ^ Map(L, Z), [M] ^ (multA/). 

We want a corresponding statement about the Hermitian Grothendieck 
group. In the preceding proposition, the ring of ordinary integers appears 
as the Grothendieck group of complex vector spaces. Roughly speaking, the 
integers appearing are dimensions of "multiplicity spaces" }iom^ i(^Q-^{J, M), 
with J an irreducible module. (Of course this statement is not precisely 
correct: the indicated Hom is too small to capture the full multiplicity of J 
in M.) For the Hermitian case, the role of Z is played by the Grothendieck 
group of vector spaces with nondegenerate forms. 

Definition 15.9. The signature ring is the Hermitian Grothendieck 
group W of finite-dimensional vector spaces with nondegenerate Her- 
mitian forms. (This is the Hermitian Grothendieck group 

w = g(o,{i}r 

of Definition 115.61 in the case when the Lie algebra f) is zero and the 
group L{C) is trivial.) The ring structure is defined by tensor product 
of Hermitian forms. The ordinary Grothendieck group of this category 
is Z, so we get as in ()15.7p an algebra homomorphism 

for : W ^ Z 

by forgetting the form. 

The identity element of W is the class of the one-dimensional space 
C with its standard (positive) Hermitian form {z, w) = zw: 

1 = [C,(,>]. 

We also use the element 

s = [C, -{,)]. 

Taking the tensor square of this form eliminates the minus sign, so 

s' = l. 
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Sylvester's law of inertia for Hermitian forms implies that any finite- 
dimensional vector space V with a nondegenerate form (, )y is isomor- 
phic to a sum of copies of these two cases: 



[V,{,)v]=p-l + q-s 



(p,(ZGN). 



Furthermore 



W={p-l + q-s\p,qeZ} 
~Z[s]/(s2 - 1). 

The reduction map (forgetting the form) is 



for : W ^ Z. 



for(p + qs) = p + q. 



The ring W allows us to make a small consolidation of notation. In 
the setting of Proposition 18.91 suppose (V, {,)v) is an admissible (f),-L(C))- 
module with a fi-invariant Hermitian form. We can define the signature 
character of V to be the function 



(notation as in Proposition 18. 9f 4).) 

Proposition 15.11. In the setting of Definition \157d\ and Definition \15.9l 
forming the tensor product of vector spaces with (l), L(C)) -modules (each 
endowed with a nondegenerate Hermitian form) defines the structure of a 
W-module on the Hermitian Grothendieck group Q{[},L{C))^. 

1. This Grothendieck group has the following set of generators as a W- 



(a) For each irreducible admissible (t), L{C)) -module J such that J ~ 
J^''^ , fix a "base" choice of nondegenerate a -invariant form (, ) j^. 
Then the generator is [J, (, ) j,;,]; the subscript b stands for "base. " 

(b) For each inequivalent (unordered) pair of irreducible admissible 
{[),L{C)) -modules J' and J"^'" , the generator is [J'e J"*'"^, {,)hyp\ 
(cf. (jl5.4p ). This generator satisfies the relation 



2. The Hermitian Grothendieck group is a free W-module over these gen- 
erators, except for the relations indicated in l{b). 



sigy : K ^W, 



(15.10) 



sigy((5) = [y^/(radical of form), (, )y] = posy((5) + negy((5)s 



module: 



S ■ [j' (B J'^'"^ , {, )hyp] — [J' ffi J'^'" J {, )hyp]- 
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3. Any admissible (i), L{C)) -module M with a nondegenerate a-invariant 
form {,)m may be written uniquely as 

[M, (, )m] = ^PJ^^) + (' )jA 

Jlr^Jlh,a 
JI^JIh,a 

Here all the pj[M), qj{M), and mji{M) are nonnegative integers; mji{M) 
is the multiplicity of J' as a composition factor of M; and 

pj{M)+qj{M)=mj{M), 

the multiplicity of J as a composition factor of M . The elements 

wj{M) =defPj{M)+qj{M)s 

are in W; in the formula niji (M) could be replaced by any element w' of W 
with ioT{w') = mji{M). 

4. The signature character of M may be computed from those of the ir- 
reducible composition factors and the coefficients in (3): 

sigAf = Y ^^Wsigj,6+ Y "ij/(M) mult J/ + 

Proof. We begin by proving the existence of the indicated decomposition 
of M, by induction on the length (the number of irreducible composition 
factors) of M . If the length is zero, then M = 0, and we can take all 
the coefficients pj{M), qj{M), and mji{M) to be zero. So suppose that the 
length is £ > 0, and that the decomposition is available for modules of length 
at most £—1. Since M has positive (finite) length, it admits an irreducible 
submodule 5. Now there are two cases. 

Case 1: {,)s = 0. In the notation of Proposition 115.3] this means that 
S = RC S^, and that M/S^ ~ R'"'". The module 

Mo = S^/R 
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inherits a nondegenerate form (, ) Mo ) ^iid has length i — 2 (since the two irre- 
ducible composition factors R and R^'^ have been removed). By Definition 
115.61 we have 

[M, (, )m] = [R® R^^% (, )hyp] + [Mo, (, )mo]- 

By inductive hypothesis, Mq has an expression of the desired form. 

If i? 9^ then {R, R^'^) is one of the pairs in the second sum. So we 
get the expression for M just by adding 1 to the coefficient m/j in that sum. 

If i? ~ R^'", then R is one of the J in the first sum. It is an elementary 
exercise that 

{R e (, )hyp) ^ {R, (, )r) e {R, -(, )r). 

So we get the expression for M by adding 1 + s to the coefficient of R in the 
first sum. 

Case 2: {,)s ^0- Because S was chosen irreducible, this means that 

{S,{,)s)^{S,±{,)s,b)- 

In particular, this form is nondegenerate. In the notation of Proposition 
115.31 this means that R = 0, and 

(M,(,)M) = (5,(,)5)e(5^,(,)sx). 

By Definition 115.61 the corresponding relation is true also in the Hermitian 
Grothendieck group. Now the module Mq = has length £ — 1 (since the 
irreducible composition factor S has been removed). By inductive hypothe- 
sis, Mq has an expression of the desired form. We get the expression for M 
by adding 1 to ps{Mq) (in the case of a plus sign) or to qsiMo) (in the case 
of a minus sign) . This completes the inductive proof of the existence of the 
expression for M; the proof also shows that the coefficients are nonnegative 
integers, with the indicated relationship to composition series multiplicity. 

The existence of these expressions proves that the indicated elements 
generate the Hermitian Grothendieck group. 

The statement about signature characters in (4) is a consequence of 
Proposition 115.3( 4) and the definition of W. We will make no use of the 
statement about (the absence of) relations in the Hermitian Grothendieck 
group, so we omit the proof. □ 

Using the description of the Hermitian Grothendieck group in Proposi- 
tion [TSTll we can extend the discussion in (115. 1|) to invariant forms. Partly 
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to avoid small technical difficulties (like the possible nonexistence of invari- 
ant forms), and partly because it is what we need first, we will consider here 
a real infinitesimal character ([38j, Definition 5.4.11) 

X:3(g)^C. (15.12a) 

This means that the parameter set 

B{x) = Langlands parameters of infinitesimal character x (15.12b) 

consists of parameters with real continuous part (see the discussion after 
Theorem 17. ip . We take the real structure ac as in (jlO.ip . and consider the 
Hermitian Grothendieck group 

0{Q,Ky (15.12c) 

of finite-length (g, K) modules with nondegenerate c-invariant Hermitian 
forms. According to Proposition 110. 7t for each F G B(x) there is a canonical 
nonzero c-invariant form 

{,)jiT),b (15.12d) 

characterized (up to a positive multiple) by being positive on every lowest 
K-type. According to Prop osit ion 1 1 5 . iTl the elements 

[W,(,)}(r),fe] (15.12e) 

constitute a basis for (the infinitesimal character x part of) G{Q,Ky. 

Definition 114.91 explains how to pass from (,)}(r)i, to a nondegenerate 
(Jantzen) form 

on grVo(r). (15.12f) 

Then Proposition ll5.lT] allows us to write this Jantzen form in the Hermitian 
Grothendieck group as a W-linear combination of the basis of irreducibles: 

[^(r),(,>^(r)] =E^|r[^(S), (,)}(=),,]. (15.12g) 

Each coefficient 

^«H,r = Pl,r + ^l.rs e W (15.12h) 
has nonnegative and q^, and 

for(?i;| r) =def p|,r + QE,r = "^s.r- (15.12i) 
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These facts imply that 

?i;|_r / if and only if ms.r + 0. (15.12j) 

It follows that, just as for the multiplicity matrix, the coefficient w%: p can 
be nonzero only if H and F belong to the same set B{x)- So we can regard 
as a finite matrix of elements of the commutative ring W, with entries 
indexed by the finite set B{x)- Proposition I14.7T 2) says that the diagonal 
entries are equal to one: 

= 1- (15.12k) 

The fact that the multiplicity matrix is upper triangular ( (|15.1ip . together 
with ( 15.12jp , imply 

u,|p ^ ^ H <RP T; (15.121) 

and that if "equality holds" (that is, if the real parts of the continuous 
parameters have the same length) then H = F. Therefore the matrix w'^ is 
upper triangular with entries in W and ones on the diagonal. Accordingly 
it has an inverse with these same properties: we can define ,j, € W by 
the requirement 

E^'lr^r,* = '^H,* (H,vI/,rGi?(x)). (15.12m) 
r 

This is equivalent to an equation in the Hermitian Grothendieck group of 
virtual (go; -^)-™odules, 

Ji"^)^ = E ^r^^ [^r), (, )5(r)] • (15.12n) 

r 

We can also write this as an equation for signature functions (see ()15.10p ) 

= E ^r,* signer) ■ (15.12o) 
r 

Formally this equation appears to calculate signatures (for c-invariant 
forms) for the irreducible modules J{^) in terms of the finite matrix W^, 
each entry of which is a pair of integers. This sounds very good for the 
problem of computing signatures explicitly. Nevertheless this formula is less 
satisfactory than ()15.1ip for two reasons. First, there is no Kazhdan-Lusztig 
conjecture to compute the coefficient matrix VFp^. We will address this in 
Section [20l Second, we do not understand so well the signature functions 
sigj^P^ for the standard modules /(F). We will address this question in 
Section [2TJ 

We conclude this section by rewriting Corollary 114.101 in our attractive 
new notation. 
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Corollary 15.13 (|43| . Theorem 3.8). Suppose T is a Langlands param- 
eter, and that the Langlands quotient J{T) admits a nonzero invariant or 
c-invariant Hermitian form {, )i. Consider the family of standard represen- 
tations /quo(rt) (for t > 0) defined in (|14.ip . and the family of invariant 
or c-invariant forms (, )j extending as in Proposition \14-'A ^^r every 
t > 0, define forms 

on Vo(rt) Wo(ri)^+i 

with signatures 

sig^^^P^-j = pos[''' +s negf^) : K 
as in Definition \15.9l Write 

oo 
r=0 

for the signature of the (nondegenerate) Jantzen form on gr/quo(rf). Con- 
sider a finite subset 

0<tr < tr-i < • • • < ti < 1 C (0, 1]. 

so that I{Tt) is irreducible for t G (0, 1] \ {t?,}. 

1. On the complement of {ti}, the form (, )j is nondegenerate and of 
locally constant signature 

2. In terms of the "signature matrix" defined in (15.12g), 

sigi = ^kr sigj(s) • 

3. Choose e so small that I{Tt) is irreducible for t (z [1 — e, 1) and for 
t G (1,1 + e]. Then 

oo 

E. [r] 
Slgl , 

r=0 

E. [r] , . [r'] 

Slgl + 2^ s • sigi ■ 

r even r' odd 

Equivalently, 

sigi+, = sigi_, +(s - 1) X] ^^st' • 

r odd 

That is, the signature of the form changes at reducible points according 
to the signature on the odd levels of the Jantzen filtration. 
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16 Translation functors: first facts 



Our next serious goal is to introduce the Kazhdan-Lusztig "g-analogues" of 
the multiplicities and signatures defined in Section [T5j The powers of q ap- 
pearing will come from a grading on the set B{x) of Langlands parameters 
with a fixed infinitesimal character (see (jl5.ip ). This grading is combina- 
torially understandable only in the case of regular infinitesimal character x- 
We will define it for singular x by some kind of "collapsing" from the reg- 
ular case, which makes sense because of the Jantzen-Zuckerman translation 
principle. Our purpose in this section is to say enough about the translation 
functors to explain these definitions. 

Translation functors are defined using finite-dimensional representations 
of G, and in particular by thoroughly understanding their weights. These 
matters extend to only with care and effort. We will therefore present 
the theory for G in this section, and discuss the extension to ^G in Section 

Recall from (j3.ip that G is assumed to be the group of real points of a 
connected complex reductive algebraic group G(C). So far we have made 
serious use of only two aspects of this hypothesis. The first is that G is 
in the Harish-Chandra class, meaning that the automorphism Ad{g) of the 
complexified Lie algebra q is inner. This requirement means that Ad(G) 
acts trivially on the center 3(0) of U{q), which in turn implies that 3(0) 
must act by scalars on any irreducible (0, i^)-module. 

The second aspect is that the Cartan subgroups of G (the centralizers 
in G of Cartan subalgebras of that are defined over R) are all abelian. 
One effect of this is to simplify slightly the statement of the Langlands clas- 
sification, because the character (of a double cover of a Cartan subgroup) 
appearing in a Langlands parameter is necessarily one-dimensional. A more 
subtle consequence is that the lowest K-types have multiplicity one (Propo- 
sition 16. 6p . 

A third aspect of our category of groups is that G is isomorphic to a group 
of matrices. So far we have not made serious use of this hypothesis. In the 
theory of translation functors it is necessary for the simple formulation below 
of Theorem ll6.6( 2) (the behavior of Langlands parameters under translation 
functors). 

Even to formulate a theory of translation functors we will make use of 
the first two properties again, through the following two propositions. 

Proposition 16.1. Suppose G is a real reductive group as in (jS.ip . Fix 

a real Cartan subgroup H of G, and a set i?"*" C R{G, H) of positive roots 
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(DefinitionlS^. 

1. Suppose that F is a finite- dimensional irreducible representation of G. 
Then the -highest weight space of F is a one- dimensional irreducible 
representation <j) = 4>{F) G H. 

2. Write dip € f}* for the differential of any (one- dimensional) character 
tp of Hg. The set 

A{F, H)CH 

of weights of the finite- dimensional irreducible representation F is (if 
we write (S) for the convex hull of a subset S of a vector space) 

A(F, H) = {ijeH\^-i;e ZR{G, H), d-p £ {W{q, t}) ■ d^)}. 

Define Afln{G,H) C H to be the group of weights of finite- dimensional rep- 
resentations of G. 

3. The dominant weights in Afin{G,H) are the highest weights of finite- 
dimensional representations of G. 

4- A weight ip £ H belongs to Afin{G,H) if and only we have both 

a) d'ip{P'^) € Z for every coroot G R^{q, h)j o^f^d 

b) ip(ma) = ( — l)*^*^"^^) for every real coroot (Definition \5.'7\j . 

Proposition 16.2. Suppose G is a real reductive group as in ()3.ip . Fix a 

maximally split real Cartan subgroup Hg of G, preserved by the Cartan invo- 
lution 9. Write Hg = TgAg for the Cartan decomposition of Hg (Proposition 
4-3). That Hg is maximally split is equivalent to either of the conditions 

a) agfi is a maximal abelian subalgebra of the —1 eigenspace Sq of 9; or 

b) every imaginary root of [)s in q is compact (Definition \5. 7p . 
Fix a set of positive roots Rf for R{q, tjg). 

1. The group Hg meets every component of G: i.e., G = Gq ■ Hg. 

2. Suppose F is a finite- dimensional irreducible representation ofG, and 
(ps = <psiF) G Hg is the Rf -highest weight of F. Then (psiF) deter- 
mines F up to isomorphism. 
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3. Suppose H is any other real Cartan subgroup of G, and is any set 
of positive roots for R{q, I)). Write 

for the unique isomorphism implemented by an element of G{C) and 
carrying Rf to R'^ . Then there is surjective group homomorphism 

I{Rt,R+): AfiniHs) ^ AfiniH) 

characterized by 

a) for every finite- dimensional representation F of G, I{Rf , R'^) 
carries A{F,Hs) bijectively to A{F,H), and 

b) the differential o//(i?+,/?+) is 

4- The kernel of the homomorphism I{Rf , R'^) consists of the characters 
of Hg trivial on Hg H [Go • H] . 

For the proofs, we refer to [38], Section 0.4. (The description in Propo- 
sition [16rT^4) of Afin(G, i^s) is not proved in p8], but we wih make no use 
of it.) 

Definition 16.3 ([38j, Definition 7.2.5). Suppose H \s a Cartan sub- 
group of G, Afin(G, H) C H is the group of weights of finite-dimensional 
representations, and A € f)* is any weight. Write 

A + Afin(G, H) = {X + ip\^e Afin(G, H)}, 

(a set of formal symbols), called the translate of Afin{G, H) by A. A 
coherent family of virtual {q, K)-modules based on X + Afin{G, H) is a 
map 

\ + A{i^{G,H) ^g{Q,K) 
(notation as in Proposition 115.81) satisfying 

a) $(A + ip) has infinitesimal character A + d-i/i € f)*; and 

b) for every finite-dimensional representation F of G, 

F<g)<^{X + tP)= ^(A + ('0 + /«))• 

IJ.€A{F,H) 

In this last formula we regard A(F, H) as a multiset, in which /i occurs 
with multiplicity equal to the dimension of the // weight space of F. 
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Definition 16.4. Suppose f) C 3 is a Cartan subalgebra of a complex 
reductive Lie algebra, and ^ G {)*. The set of integral roots for ^ is 

R{0 = {a G RiQ, f)) I ^(a^) G Z}. (16.4a) 

Fix a positive root system R^{(,) C -R(0- We say that ^ is integrally 
dominant if 

e(a^) > 0, (a G (16.4b) 

If -R'''(^) is extended to a positive system for i?(0, f)), then integral 
dominance is equivalent to 

^(/3^) is not a strictly negative integer (/3 G i?^). (16.4c) 

Occasionally we will need to make use of a stronger condition. We 
say that ^ is real dominant for R^ if 

e(/3^) G (/3 G i2+). (16.4d) 

The integral Weyl group for ^ is 

W{0 =def VF(i?(0) C W{q, i)). (16.4e) 

An equivalent definition (by Chevalley's theorem for the affine Weyl 
group) is 

W{0 = {we W{9, i))\wC-Ce ZR{q, f))}. (16.4f) 

([38], Lemma 7.2.17). 

It is useful also to define the set of singular roots for ^ 

R^ = {a£ R{s, \j) I aa") = 0} C R{0- (16.4g) 

Notice that the choice of a system of positive integral roots making ^ 
integrally dominant is precisely the same as the choice of an (arbitrary) 
system of positive singular roots R^'^ . The correspondence is 

R+iO = {« G R{0 I e(a^) > 0} U 

t_L _L f (16. 4h) 

= i?+(^)ni?«. 

In the same way, if ^ is real 
The singular Weyl group for is 

=def W{R^) C W{R{0) C t^(g, i))- 

An equivalent definition (by Chevalley's theorem for W) is 

= {we W{Q,t}) 1 we = 
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In terms of the notion of integral roots, we can recast Proposition 116.21 
in a way that is often useful. So fix two Cartan subalgebras 

t)i, [)2 C 0, (16.5a) 

and weights 

AiGf)* (i = l,2). (16.5b) 

Assume now that 

Cai = 62; (16.5c) 

equivalently, that there is an isomorphism f)J ~ implemented by an ele- 
ment of G(C) and carrying Ai to A2: 

i: hi ^1)2*, i(Ai) = A2. (16.5d) 

This isomorphism is unique only up to (multiplication on the right by) the 
stabilizer W^^ of Ai. But if we fix also systems of positive singular roots 

R^^'+, (16.5e) 

then we can specify a unique isomorphism by requiring 

i(Ai,ii^i'+,A2,i?^^'+): f)t ^ f)2*, Ai^A2, (16.5f) 

Equivalently, if we require that Aj is integrally dominant for i?^(Aj), then 
we can specify a unique isomorphism 

i(Ai,i?+(Ai),A2,i?+(A2)): f}t ^{)2*, 

Ai ^ A2, R+{Xi) ^ R+{X2). ■ 

These isomorphisms can take the place of i{Rf,R^) in Proposition 116.21 

Theorem 16.6 ([38j, Corollary 7.3.23). Suppose P = {H,j,R'^) is a Lang- 
lands parameter for G, and J(P) the corresponding irreducible representation 
(Theorem \6. 1]) . Write d'y G i)* for the differential ofj, which is the infinites- 
imal character of J{T). Write Ridj) for the set of integral roots (Definition 
16.4^ . Then R{d'y) is automatically preserved by the action of the Cartan 
involution 9. 

Fix a set R'^{d'y) of positive integral roots, subject to the following re- 
quirements: 

a) if d'^{a^) is a positive integer, then a G R~^{d'y); 
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b) if dj{a'^) = 0, but dj{9a'^) > 0, then a G R'^{dj); and 

c) i?+(d7) D i?+ . 

Fix a set of positive roots for H inG containing R^(d'y). Suppose finally 
that Hg is a maximally split Cartan, with any positive root system Rf , as 
in Proposition 1 1 6. 2[ we will use the maps i{Rf,R'^) and defined 
in that proposition. Set 

d^s = i{Rt,R^r\dj) G f):, R+{d^s) = i{Rt,R^r\R^{di)). 

Then there is a unique coherent family ^ of virtual {q, K)-modules based on 
(i7s + Afin{G, Hs), with the following characteristic properties: 

a) ^{djs) = [-^(r)]; and 

b) whenever d'js + dips is integrally dominant (with respect to R'^{d-^s)), 
$(^7 + ip) is (the class in the Grothendieck group of) an irreducible 
representation or zero. 

Write n(d7) for the set of simple roots of R'^{d'y), and define a subset 
r(r) C U{d-f) by 

a) if a & n((i7) is real, (Definition \ 5. 7\ ), then a G t{T) if and only if 
7q(mc,) = (-l)'^7K)+i (notation (fCTjl ); 

b) if 13 ^ n((i7) is imaginary, (Definition \5. 7\ ), then a G t{T) if and only 
if j3 is compact; and 

c) if S £ n((i7) is complex, (Definition \5. 7^ , then 5 G t{T) if and only if 
66 is a negative root. 

Write 

r,(r) = i{Rt,R-^)-\T{T) C U{djs) 

for the corresponding integral simple roots for Hg. The coherent family <I> 
has the following additional properties. 

1. If d'js + dips is integrally dominant, then ^{d'jg + ips) = if and only 
if there is a simple root Og G Ts(r) with {dj + d'ip){a'^) = 0. 

2. Suppose that d^g + dips is integrally dominant, and does not vanish on 
any root in Ts{T). Write 

lP = I{Rt,R+){lPs)^Afin{H). 
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Then 

is a Langlands parameter; and 

$(d7, + V.) = [J(r + V)]. 

3. The set of irreducible constituents of the various virtual representations 
^{d'fs + ips) is equal to the set of irreducible constituents of all the 
tensor products F (g) J(r), with F a finite- dimensional representation 
ofG. 

Definition 16.7. In the setting of Theorem 116.61 the subset 

T,(r) c n(d7.) 

of the simple integral roots is called the r-invariant of the irreducible 
representation J(r), or the r-invariant ofT. (Because of the canonical 
isomorphism i(Rf , R'^), we may also refer to t{T) C Ilidj) as the r- 
invariant.) 

Return for a moment to the abstract language of (jlS.ip . So we fix a 
maximally split Cartan Hg of G, and a weight Aq G 1)1 corresponding to a 
(possibly singular) infinitesimal character 

eAo:3(0)^C. (16.8a) 

Write i?(Ao) for the integral roots (Definition 116. 4p . and choose a set of 
positive roots 

i?+(Ao) cR(Ao) Ci?(0,f).) (16.8b) 

making Aq integrally dominant. When we study signatures of invariant 
forms, we be assuming that the infinitesimal character is real (Definition 
15. 5p . and in that case we can extend i?^(Ao) uniquely to a positive system 

Rt D R^iXo) (16.8c) 

making Aq real dominant ()16.4dp . 

It will be useful to have notation for the simple roots 

n(Ao) C R+iXo), (16.8d) 

and for the subset 

{a G n(Ao) I Ao(a^) = 0} =def (16.8e) 
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of simple roots orthogonal to Aq- Finally, we fix a weight 

4>eKUG,H,) (16.8f) 

of a finite-dimensional representation of G, subject to the additional condi- 
tion 

Ao + d(j) is dominant and regular for R^{Xq). (16. 8g) 

In connection with signatures of invariant forms, we will want sometimes to 
assume also that 

Ao + d<f) is dominant and regular for . (16.8h) 

One way to achieve this is to take </> to be the sum of the roots in . We 
need also 

= finite-dimensional irreducible of extremal weight (j). (16. 8i) 

In order to define the Jantzen-Zuckerman translation functors, we need 
the functor (on g-modules) 

. . _ largest submodule of M on which z — i\(^{z) , . 

•^"^ ^ ~ acts nilpotently, ah z G 3(g) ^ ^ 

If M is a (g, K) module, so is Pxo (-^)- the category of 3(5)-finite modules 
(for example, on (g, i^)-modules of finite length) the functor is exact. 
The translation functors we want are 

T^l^^iM) =def Pao+# {F^ ® Pxo (M)) , (16.8k) 

("translation away from the wall") and 

T^:+4N) =def Pao {f; Pxo+dc^{N)) (16.81) 

("translation to the wall.") These are clearly exact functors on the category 
of finite-length (g, Er)-modules, so they also define group endomorphisms of 
the Grothendieck group Q{q,K). 

Corollary 16.9 (Jantzen [16], Zuckerman [17]; see [SH], Proposition 7.2.22). 
Suppose we are in the setting of (|16.8p . 

1. The functors T^°^^ and T^^'^'^ are left and right adjoint to each other: 

Hom0,;,(iV,r,';+*(M)) ^ Homg,;,(r,^,;V^(iV),M), 
and similarly with the two functors interchanged. 
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2. For a coherent family <I> of virtual (g, K)-modules on Aq + Afin{G, Hg), 

r,^,%(^(Ao + </')) = $(Ao). 

3. The translation functor T^°_^^ (translation to the wall) carries every 
irreducible (q, K)-module of infinitesimal character Aq + d(j) to an ir- 
reducible of infinitesimal character Aq, or to zero. The irreducible 
representations mapped to zero are exactly those containing some root 
qJjjAo T -invariant ( Definition \16.7\ ). 

4. The (inverse of the) translation functor of (3) defines an infective 
correspondence of Langlands parameters (and therefore of irreducible 
representations ) 

t''^i;"^:B{\o)-^B{\o + dct^). 

The image consists of all irreducible representations ( of infinitesimal 
character Xq -\- dcj)) having no root ofIi^° in the t -invariant. 

5. Suppose To = {H,jo,R^) € -B(Ao) is a Langlands parameter (at the 
possibly singular infinitesimal character Xq). Choose positive integral 
roots i?^((i7o) as in Theorem \16.(A so that we have an isomorphism 

i(Ao,i?+(Ao),c?7o,i?+(c?7o)): K ^ ^* 

as in (jl6.5p . Define 

^{To) = /(Ao, i?+(Ao), d7o, ii+((i7o))(0), 

an H-weight of a finite- dimensional representation of G (Proposition 
\16.2\) . Then the correspondence of Langlands parameters in (4) is 

t^f <^(ro) = To + 0(ro) 

(notation as in Theorem \16.6\( 4))- 

6. Suppose Ti = (i?, 71, € B{Xq + d(f)) is a Langlands parameter (at 
the regular infinitesimal character Xq + dcp). Write R~^{d'yi) for the 
unique set of positive integral roots making dji integrally dominant, 
so that we have an isomorphism 

i{Xo + #, R+{Xo), d^i , R+ ((i7i )) : f^: ^ r 
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as in (|16.5p . Define 

(A(ri) = /(Ao, i?+(Ao), a!7o, i?+(d7o))(0), 

an H-weight of a finite- dimensional representation of G (Proposition 
HEW- Then 

is a weak Langlands parameter (Definition I6'.^|) . This correspondence 
is a left inverse to the injection of (4): 

7. Translation to the wall carries standard representations to weak stan- 
dard representations: 

^Ao%(Vo(ri) = /quo(ri-</.(ri)). 

In particular, 

^Ao%(Vo(ro + H^o)) = /quo(ro). 

8. Translation to the wall carries irreducihles to irreducihles or to zero: 

T^o .j.r ) = /-^(^i - -^(^i)) (^(^(ri)) n = 0), 
^ \o (r(j(ri))nn^« /0). 

In particular, 

Ti%(J(ro + </.(ro)) = J(ro). 

Corollary 116.91 allows us to "reduce" the computation of the multiplicity 
matrix ms^r defined in (jlS.ip to the case of regular infinitesimal character. 
Given a possibly singular infinitesimal character Aq, we choose a weight of 
a finite-dimensional representation (j) as in (jl6.8p . so that Aq + d4> is regular. 
The (possibly singular) Langlands parameters H and T in B{Xq) correspond 
to regular Langlands parameters H + <?!)(H) and T + (j){T) in -B(Ao + dcp), and 

mH,r = m-s+0(H),r+«i(r)- (16.10a) 
A little more precisely, we can start with the decomposition into irreducihles 

[/(r + <^(r))] = Yl "^^uT+m (le.iob) 

HieB(Ao+d9i) 
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and apply the exact translation functor T^°_^_^. On the left we get [/(r)], by 
Corollary I16.9l f 7). On the right we get 



E 



(16.10c) 



Si€B(Xo+d<f>) 

r(Hi)nn^o=0 



The irreducibles appearing on the right are all distinct (this is part of the 
uniqueness assertion for the coherent family in Theorem 1 16 .bp . so the coef- 
ficients are the multiplicities of irreducibles in I{T). 

To say this another way: the index set of Langlands parameters at the 
possibly singular infinitesimal character Aq is naturally a subset of the index 
set at the regular infinitesimal character Aq + dcj). The multiplicity matrix 
at Ao is the corresponding submatrix of the one at Aq + dcj). 

We call this fact a "reduction" in quotes, because the multiplicity prob- 
lem at regular infinitesimal character is much more complicated than at 
singular infinitesimal character: we have "reduced" a less complicated prob- 
lem to a more complicated one. But the gain is real. At regular infinitesimal 
character we have the Kazhdan-Lusztig algorithm (see Section [T8|) to solve 
the problem, and this algorithm cannot (as far as we now understand) be 
applied directly to the case of singular infinitesimal character. 

Finally, let us consider the problem of relating the character matrix M^^r 
to regular infinitesimal character. Since this problem concerns the inverse 
of the multiplicity matrix, we might suspect that there are difficulties: there 
is not usually a nice way to find the inverse of a submatrix from the inverse 
of the larger matrix. Since our matrices are upper triangular, one could 
hope that the submatrix we are considering is a corner; but that turns 
out not to be the case. In order to see what happens, we begin with a 
careful statement of what happens to standard modules under translation 
to singular infinitesimal character. 

Theorem 16.11. Suppose we are in the setting of (116. Sp . Write 



(notation (jlS.ip ) for the map of Corollary \1 6. 9\( 7). Fix a Langlands param- 
eter El e B{Xo + dcj)). Write 



t 



.Ao 



: S(Ao + #) ^-Bwcak(Ao) 




(Hi) e -Bweak(Ao), 



SO that 
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1. There is a unique subset CsingC^o) C B{Xq) with the property that 

^quo(So) = ^ IqaoC^')- 

2. The set CsingC^o) has cardinality either equal to zero (in case some 
simple compact imaginary root for Hq vanishes on Aq, so that /(Hq) = 
0) or a power of two. 

For each Langlands parameter H € -B(Ao), define 

Cregi^) = {Hi G B{\o + d^) \ E £ CsingC^o)} C B{Xo + #); 

here Eq = ^^0+^0(^1) above. 

3. Suppose r G -B(Ao) is any Langlands parameter, corresponding to r + 
(j){T) G B{\q). Then the character formula (115. is 

J(^)= E E ^H„r+^{r)[/(H)]. 

HGB(Ao) Hi eC„9(S) 

Sketch of proof. That Hq must be a weak Langlands parameter is Corol- 
lary 116. 9r 6). and the statement about translation of standard modules is 
Corollary 116.9( 7). As is explained in ()6.4p . the weak standard module I{Eq) 
of infinitesimal character Aq is either equal to zero (in case the parameter 
vanishes on some simple compact imaginary root) or can be written (by a 
simple algorithm) direct sum 

/(So)= Yl ^(-)- (16.12a) 

H'GC,ing(So)CiJ(Ao) 

The letter C stands for "Cay ley." The fundamental example is writing a 
nonspherical principal series for SL{2,M) (with continuous parameter zero) 
as a direct sum of two limits of discrete series; the general case is just a 
repeated application of this one.) The construction of this decomposition 
takes place inside the subgroup of G generated by the Cartan subgroup 
Hi for the parameter Eq, and the real roots in It turns out that 

the parameters appearing in Csing(So) are all attached to a single Cartan 
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subgroup, and that the number of them is a power of 2. Since we will not 
use these last two facts, we omit the proof. This is (2). 

For the character formula in (3), we begin with the character formula at 
infinitesimal character Aq + d(j): 

[J(r + m)] = E ^Hi,r+0(r) (16.12b) 

HieB(Ao+d9i) 

Now apply the exact translation functor T^°j^^. On the left we get [J(r)], 
by Corollary 116.9( 8). On the right we get a sum of weak standard modules 

E M=^,r+0(r)[ASi-0(Hi))]= ^ ^%,r+</,(r) [/(^o)] • 

Ei&B{\o+d(t>) HiGB(Ao+#) 

(16.12c) 

Using (2), we may therefore rewrite our character formula as 
[^(r)]= E E ^s„r+0(r) [/(H)] 

HgB{Ao) HiGB(Ao+#) 

HGC,ing(=o) (16.12d) 

= E E Ms„r+mim]- 

HGB{Ao)HiGaog(H) 

Equivalently, 

M=r= E ^%,r+0(r)- (16.12e) 

HigCrog(H) 

□ 

It is natural to ask about a corresponding use of the translation functors 
to relate the formulas (|15.12p at two different infinitesimal characters. More 
or less this is exactly parallel to the discussion above, but there is a subtlety 
about the choice of invariant form: the translation functor will carry one 
nondegenerate invariant form to another, but the new form may not share 
the characteristic positivity property of the old one. We therefore postpone 
a careful analysis to Section [20l 

17 Translation functors for extended groups 

In this section we fix an extended group 

^G = G^{l,6f} (17.1a) 



142 



as in Definition 112.31 Suppose 

^H = {H,6i), h{R+) = R+ (17.1b) 

is an extended maximal torus preserving a positive root system , with 
6i K a representative for tlie element ti of the extended Weyl group. 
According to Clifford theory (Proposition 18. 13| . 

• each 7 = € has two one-dimensional extensions 7-1- to 
^H, on which the scalar actions of 61 differ by sign; 

• each 7 7^ 7*^ £ H induces a two-dimensional irreducible (17.1c) 
7ind = 7ind e and 

• these types exhaust ^H. 

Of course it also makes sense to induce a ti-fixed character 7; in that case 
we get 

7ind = 7+ + 7- (7 = 7*')- (17. Id) 

Despite the notation, there is no way to prefer one of the two extensions 
7+ and 7_ without making a further choice: that of a square root of the 
scalar by which 6f £ H acts in 7. 

There is an exactly parallel description of the finite-dimensional repre- 
sentations of ^G: 

• each ti-fixed (equivalently, ^-fixed) finite-dimensional irre- 
ducible representation F of G has two extensions F± to ^G, 
distinguished by the action of 61 on the i^j'^-highest weight 
space; 

• each member of a two-element orbit {F,F*^} of irreducible (17. le) 
finite-dimensional representations of G induces to an irre- 
ducible representation Find = -f^n^ of ^G; and 

• these two types exhaust the irreducible finite-dimensional 
representations of ^G. 

Inducing a 0-fixed finite-dimensional irreducible to gives 

i^ind=F++i^- (F = F*^). (17.1f) 

Again the notation obscures that fact that there is no way to prefer F^ 
over F_ without choosing a square root of the action of 6f on the highest 
weight space. 
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There is a possibly unexpected subtlety about highest weight the- 
ory for ^G: the highest weight of an irreducible finite-dimensional 
representation need not be an irreducible representation of ^H, and need not 
determine the representation of ^G. For us, the most important aspect of 
this problem is that the highest weight of F may be ti -fixed even if F is not 
^-fixed. Examples are provided by Example 117.31 below. 

Following Proposition 1 16 . l| for each finite-dimensional representation Fi 
of ^G, define _ 

A{F,,^H)C^H (17.1g) 

to be the collection of irreducible representations of appearing in the 
restriction of Fi. Sometimes it will be convenient to regard A{Fi,^H) as a 
multiset. We define 

Afin(^G,ii7) C IF (17.1h) 

to be the set of irreducible representations of appearing in the restric- 
tions of finite-dimensional representations of ^G. Using finite-dimensional 
representations induced from G to ^G, it is very easy to see that 

AU^G,^H) = {01 eQ\^i\HC AUG,H)}; (17.1i) 

here C indicates that the restriction is a sum of characters which are weights 
of finite-dimensional representations of G. We write 

Gf^^i^H) = subgroup of QCh) generated by Aa^i^G, ^H). (17.1j) 

Finally, for any finite-dimensional representation of Fi of ^G, define 

(pi{Fi) = representation of on iJj'^-highest weight vectors. (17.1k) 

Even if Fi is irreducible, it turns out that 0i(Fi) need not be irreducible; 
this is related again to the phenomenon in Example 117.31 

Proposition 17.2. In the setting of Proposition [16. SX suppose that Rf is 
chosen compatible with an extended maximal torus ^Hs, and that tg is the 
corresponding automorphism of Hg ■ 

1. The surjection 

I{Rt,Rt)- Afir^iHs) ^ Afir,{H) 
carries the action oftg to that ofti. 



144 



2. The surjection induces a homomorphism of Grothendieck groups 

'liRt,Rt): gfiXHs)^gfin{'H) 

preserving dimensions and satisfying 

(a) For every finite-dimensional representation Fi of^G,^I{Rf,Rf) 
carries the restriction of Fi to ^Hg to the restriction of Fi to ^H. 

(h) For every weight Xg G Afin{^G,^Hs), write A = I{Rf , Ri){iJ.s). 
Then 

I{R'^ , Rf){Xs^in(l) = Xind- 

(c) If in addition Xg € AJ?^('^G, ^Hs) is fixed by tg, then automatically 
X is fixed by ti; and 

i?+)(A,,±) = A±. 

3. A tg-fixed dominant weight Xg G A*'j^^{G, Hg) is automatically the high- 
est weight of unique a finite- dimensional irreducible representation 
F{Xs)c^F{XsY. 

4- A ti-fixed dominant weight X G K^^JyG,H) is the highest weight of a 
9 -fixed finite- dimensional representation of G if and only if 

X = I{Rt,Rt){Xg) iXs€A'^^iG,Hg)). 

It is important to note in (4) that there can exist ti-fixed weights of 
finite-dimensional representations that are not highest weights of 0-fixed 
finite-dimensional representations of G. 

Example 17.3. Suppose G = GL(2,]R). We take for H the Cartan subgroup 

Hc^C" = {re'^ \ r>0,(peR}, 

coming from the multiplicative action on C ~ M^. The Cartan involution 
(inverse transpose) acts by 6{z) = z~^, so this is also the action of ti: 

ti{re''t')=r-^e''t'. 

The characters of H appearing in finite-dimensional representations are 

Aa,mK'^) = r^V™^ (mGZ,z.GC). 

That is, 

Afin(G,iJ) ~ C X Z, ti{i^,m) = {-i^,m). 
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The ti-fixed weights are 

A^iJG,i/) = {(0,m) |m€Z}. 
For a maximally split Cartan we choose the diagonal subgroup 
iJ, xR^ = {(di,d2) I di eR"". 

The action of tg is 

The characters appearing in finite-dimensional representations are 

K,mAdi ,d2)=\di r-™/' (sgn di (sgn d2r+^ 

{ly eC,meZ,S e Z/2Z). 

Therefore 

Afin(G',i^s) cr; C X Z X Z/2Z, ts{iy,m,6) = {-u,m,m + 5). 

The ts-fixed weights are 

A*;(G,iJ,) = {(0,m,5) |mG2Z}. 

The map of the proposition is 

I{Rt,Rt)iiy,m,6) = {u,m). 

This is indeed surjective (it is exactly two to one), and it intertwines the 
actions of tg and ti; but it does not carry fg-fixed weights onto ti-fixed 
weights. 

If for example we take m = 1, we see that the character re'^ i-^- e*"^ 
of H, which is fixed by ti, is not the highest weight of any 0-fixed finite- 
dimensional representation of G. It is actually the highest weight of two 
different representations of G, namely 

® I det |-V2^ ® I det ^ (sgn(det)). 

These two representations are interchanged by 6 (since they are Hermitian 
dual to each other). 

In order to avoid difhculties like those appearing in this example, we will 
use for extended groups only coherent families based on a maximally split 
Cartan. The definition makes sense more generally, however. 
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Definition 17.4 ([38]) Definition 7.2.5). Suppose we are in the setting 
of (|17.ip . and A G f)*'*i is any fi-fixed weight. Write 

A + Afin('G, 1^) = {A + I G Afi„('G, ^H)}, (17.4a) 

(a set of formal symbols), called the translate of Afin{^G,^H) by A. 
Similarly, we write 

A + GiinCH) = {\ + i;\i;e GU^H)], (17.4b) 

(notation as in ( 17.1j[ ) — another set of formal symbols, but on which we 
keep the abelian group structure from the Grothendieck group) called 
the translate of Qfln(^H) by A. An coherent family of virtual {q,^K)- 
modules based on X + Afini^G, ^H) is a map 

^i:\ + AU^G,^H)^g{Q,^K) (17.4c) 

(notation as in Proposition 115. Sp satisfying two conditions we will write 
below. Since the irreducible modules are a Z-basis of the Grothendieck 
group, it is equivalent to give a Z-linear map 

^V-\ + QU^H)^g{QM). (17.4d) 
Here are the conditions. 

a) $i(A + tp) has infinitesimal character A + dtp E f)*; and 

b) for every finite-dimensional algebraic representation Fi of ^G, 

Fi«)^>i(A + V'i) = $i(A + [F^V'i])- 

AtiGA(Fi,iH) 

In (a), if -0 is two-dimensional, then the statement means that each 
irreducible constituent of the restriction to G of this virtual represen- 
tation has infinitesimal character given by one of the two summands 
of the Lie algebra representation A + dip. The brackets in (b) denote 
the class in Q^^i^H), and we are using there the second formulation 
()17.4dp of the notion of coherent family. 

The reader should verify that this formulation in the case of G is pre- 
cisely equivalent to the classical formulation in Definition 116.31 The 
language here avoids a tiresome enumeration of the various possible 
decompositions of tensor products of irreducible representations of ^H. 
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There is an easy construction of some coherent famihes for G. 

Example 17.5. In the setting of Definition 117.41 suppose <I> is a coherent 
family based on A + Afin{G, H). Extend <I> to a Z-hnear map 

as in (|17.4dp . Define 

$ind(A + V^i) = indj;;^^)(<i>(A + i,i\H)). 

That is, we restrict •i/'i to H, getting one or two characters of H] we add the 
values of the coherent family for G at those characters; then we induce from 
G to ^G. 

That this construction gives a coherent family for ^G is elementary. The 
reason it is not so interesting is this. We saw in Theorem 116.61 that interest- 
ing information is encoded by a coherent family many of whose values are 
irreducible. The values of the coherent family ^ind are all induced; so the 
values can never include the type one irreducible modules for ^G (Definition 
I8.14p . arising by extension of ^-fixed irreducible modules for G. 

Here is a description of more interesting coherent families. 

Theorem 17.6. Suppose Ti = H,ji, R^) is a Langlands parameter for 
an irreducible representation J(Ti) of^G, with ti-fixed differential 

dli = {djiY' G r 

representing the infinitesimal character of J{Ti). Just as in Theorem \16.(^ 
we write R{d'yi) for the set of integral roots ( Definition \16.4\ ), and fix a set 
R~^(d'yi) of positive integral roots, subject to the requirements: 

a) if dji^a^) is a positive integer, then a € R^^d'yi); 

b) if d-ii{a^) = 0, but dji^Oa'^) > 0, then a G R-^idji); 

c) R^{d'yi) D R'^; and 

d) ti(i?+(d7i)) = fl+((i7i). 

(Such a system always exists.) Fix a set R^ = ti{R^) of positive roots for 
H in G containing R'^{d'yi). Suppose finally that Hg is a maximally split 
Cartan, with any positive root system Rf , as in Proposition \16.2l we will 
use the maps i{Rf,R'^) and I{Rf , R~^) defined in that proposition. Set 

dj,,s = i{Rt,R^rHdji) G f):, R+{d^i,s) = i{Rt, R+rHR^{dii)). 

Then there is a unique coherent family $1 of virtual {q, K)-modules based 
on dji^s + Afin{G, ^Hg), with the following characteristic properties: 
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a) $i((i7i,s) = [^(ri)]; and 
h) whenever 

i) d'ji^s+dips is integrally dominant (with respect to R'^{d^i^s))! and 
a) Ti is type one, and 
Hi) ips is type one, 

then ^i{dji^s + V's) is (the class in the Grothendieck group of) an 
irreducible representation or zero. 

Let r he an irreducible constituent ofTi\}{ (of which there are one or two, 
depending on the type ofVi). Write $ for the coherent family for G based 
on dji^s + -^finiG, Hg) constructed in Theorem \16.6l 

1. If Ti = Tind is type two (equivalently, if T is not fixed by ti) then 
^1 = ( Example \1 7. 5\ ). In particular, 

^i(d7M + -01)10 = Yl Hd7i,s + i^) + ^{dll,s + i^Y'■ 
Henceforth assume that Ti is type one; equivalently, that T is fixed by 
ti. Write n(d7i) for the set of simple roots of R'^{d'yi), and define the 
r-invariant of Ti Ts(ri) =defTs(r) C Hsidji) as in Theorem \16.(A 

2. 

^'i(d7i,s + 0i)|g = X] ^{d-yi^s + i^)- 
3. The T -invariant is preserved by tg- 

4- If d'js + dips is integrally dominant, then ^{d'ys + tps) = if and only 
if there is a simple root Og € Ts(T) with (dj + dtp){a^) = 0. 

5. Suppose that d'yg + is integrally dominant, and does not vanish on 
any root in Ts{Ti). Write 

i; = I{Rt,R+){iJs)eAfiXH). 

Then 

ri+il;=def{'H,-f + iP,R+^) 
is a Langlands parameter; and 

$((i7, + = [J{T + iP)]. 
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6. The set of irreducible constituents of the various virtual representations 
^i(c?7s + ips) is equal to the set of irreducible constituents of all the 
tensor products Fi® J {Tij, with Fi a finite- dimensional representation 
of'G. 

Proof. The first issue is the existence of a ti-stable set of positive integral 
roots. Recah from (|17.ip the ti-stable set of positive roots containing 
i?^. Using these, we can construct the desired set of positive integral roots 
by 

R+{d-fi) = {a gR{G,H) I d7i(a^) G Z>°, or 

d-fi{a^) = 0, and d7i(6'a^) > 0, or (17.7a) 
d7i(a^) = ^71(6*0^) = 0, and a G Rf}. 

Conditions (a) and (b) from the theorem are obviously satisfied. Condition 
(c) follows from the requirement that d'-fi is weakly dominant for i?^ (Theo- 
rem [6TT]), and the hypothesis that i?^ C R'l (Definition 113.71 For (d), since 
ti fixes both d'yi and Rf, and ti commutes with the action of 9 on H, it 
follows that ti preserves R'^^d'ji). 

For the coherent family, suppose first that Fi = Find is of type two, so 
that 

J(Fi) = J(Find) = J(r)ind. (17.7b) 

Let $ be the coherent family for J(F) based on djs + ^Rn{G, Hs) (Theorem 
116. 6p . and form the induced coherent family <l>i = <l>ind as in Example 117.51 
Then the characteristic properties (a) and (b) are immediate, assertion (1) 
is true by definition, and the rest of the theorem does not apply. 

Next suppose that Fi is type one, so that it is one-dimensional and 
extends the Langlands parameter F for G. There are two of these extensions 
F_|_ and F_, to each of which we would like to attach a coherent family 
What is easy is that 

+ = (17.7c) 

in the sense that the induced coherent family behaves as the theorem says 
that the sum ought to; what is harder is to find the two summands indi- 
vidually. For this we return to the proof of Theorem 116.61 in [38j . Because 
parabolic and cohomological induction behave well with respect to trans- 
lation functors, we can use either Definition 113.141 or Definition 113.151 to 
construct a coherent family <5|**^ for ^G (based on ^H) satisfying 

$f^((i7i) = Vo(Fi). 
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Using these building blocks (and taking Z-linear combinations) we can follow 
the argument for Corollary 7.3.23 in [38j to construct the coherent family 
$1 that we seek. 

The construction makes clear the description in (2) of the restriction to 
G. The statement in (3) means that the corresponding set of simple roots 
for R'^{dji) is preserved by ti. This is obvious from the description of r 
in Theorem 116.61 The statement in (4) about vanishing reduces at once to 
G, where it is part of Theorem 116.61 The calculation in (5) of Langlands 
parameters follows from the construction sketched above for Part (6) is 
a formal consequence of the definition of coherent family. □ 

In order to discuss translation functors for extended groups, we need 
the language of (jl5.ip and (jl6.8p explicitly extended to ^G. So we fix a 
maximally split Cartan and a minimal parabolic subgroup 

H, = T,As, Ms = K^% P, = MsA,Ns (17.8a) 

of G, and a system of positive imaginary roots R^j_^ for M. These define a 
positive system 

= R^R U (roots of Hs in iV,) = R+.^ U R{Ns, F,) (17.8b) 

for G. Define a Weyl group element Ws by the requirement 

eiRt) = i2+ 18 U -RiN,, Hs) = w;\Rt). (17.8c) 

This is the long element of the "little Weyl group" of As in G, so in particular 
it belongs to W{G,Hs). Setting 

ts = WseH,, tsiRt) = Rt (17.8d) 

we find that a representative 6s for ts generates with Hg an extended torus 
'Hs. 

Fix also a weight 

Ao G K (17.8e) 
corresponding to a (possibly singular) infinitesimal character 

6o:3(g)^C. (17.8f) 

To simplify the discussion slightly (although it is not necessary) we assume 
that Ao is real (|38j. Definition 5.4.11). We need (for the abstract theory of 
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translation functors) to assume that Aq is integrally dominant for Rf; and 
we assume also that Aq is real dominant ( ()16.4dp ): 

Ao(a'') > 0, (a € (17.8g) 

This requirement determines Aq uniquely in its Weyl group orbit. Because 
tg preserves R+, the weight ts{Xo) shares the dominance property p7.8g 
As a consequence, 



s 



ts(Ao) = Ao ^ ts{Xo)eW-Xo 

infinitesimal character fixed by 9 

Define 

-B(Ao) = equivalence classes of extended Langlands parameters 
of infinitesimal character Aq; 



(17.8h) 



(17.8i) 



as usual for the extended group, "infinitesimal character Aq" means "anni- 
hilated by [ker^Ao][ker^j^Ao]£ 

If Aq 7^ ts(Ao), then by (]17.8hp the infinitesimal character is not fixed 
by 6, so no representation of G of infinitesimal character is fixed by 
9. By Clifford theory (Proposition 18.13]) . in this case all representations of 
infinitesimal character Aq are induced from G. Once all the representations 
are induced, then any question about character theory can be reduced at 
once to G. (We will recall in detail how this works in Section [T9l) 

We therefore only need to analyze the case 

ts(Ao) = Ao. (17.8j) 
Write i?(Ao) for the integral roots (Definition 116. 4p . and write 

i?+(Ao) =def^(Ao)ni?+, (17.8k) 

which we have assumed makes Aq integrally dominant. Write 

n(Ao) C i?+(Ao), (17.81) 

and 

{a € n(Ao) I Ao(a'') = 0} =dcf (17.8m) 

for the subset of simple roots orthogonal to Aq. Since ts(Ao) = Aq, the sets 
jjAo f~ n(Ao) are preserved by tg- If Xi G ^B{Xo) is a type one irreducible, 
extending a type one irreducible X for G, we have defined the r-invariant 

r(Xi) = TiX) C n(Ao) (17.8n) 
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in Theorem 117.61 If Yi = llnd is type two, then we define 

r(l^„d) =dcf {t{Y),t{Y'^)) = {T{Y),t,{T{Y)), (17.80) 

an unordered pair of subsets of n(Ao). (In order to unify the notation, we 
may sometimes regard t{Xi) as the unordered pair (t(X), t(X)).) 
Finally, we fix a type one weight 

0GAfin(G, (17.8p) 

of a finite-dimensional representation of G, dominant for Rf, and such that 

Ao + d(f> is dominant and regular for R^{Xo). (17. 8q) 

Just as in (I16.8hp . for the purpose of studying signatures we will want to 
assume in addition 

Aq + d(p is dominant and regular for Rf. (17. 8r) 

(One way to achieve this is to take cp to be the sum of the roots in Rf.) 
Write 

^± e Afi,(^G, ^Hs) (17.8s) 
for the two extensions of (/> to Now we can write 

F(i,_^ = finite-dimensional irreducible for of highest weight (j)±. (17. 8t) 

In order to define the Jantzen-Zuckerman translation functors, we need 
the functor (on g-modules) 

, . _ largest submodule of M on which z — Cxoi^) n? 8 
nol^Wj - ^^^^ nilpotently, all z G 3(g) ^ ' 

If M is a {q,^K) module, so is P\g{M). On the category of 3(0)-finite 
modules (for example, on (g, '^i(')-modules of finite length) the functor Pxg 
is exact. The translation functors we want are 

(M) =def Pao+# (F^^ ® Pxo {M)) , (17.8v) 
("translation away from the wall") and 

T^^^V^^ {N) =dcf Pao {f;^ ® Pxo+d^N)) (17.8W) 
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("translation to the wall.") These are clearly exact functors on the category 
of finite-length (g, ^i^)-modules, so they also define group endomorphisms 
of the Grothendieck group G{q,^K). 

These translation functors are quite special, in the sense that both the 
domain and the range infinitesimal characters are assumed to be represented 
by a tg-fixed weight. There are some reasonable statements to be made in 
more generality; but most of those statements concern type two represen- 
tations, which are induced from G; so they can be deduced easily from (for 
example) Corollary 116.91 We are concerned here only with the more delicate 
situation for type one representations. 

Corollary 17.9 (Jantzen [l6j, Zuckerman [17]; see [38j, Proposition 7.2.22). 
Suppose we are in the setting of (117. 8j) . so that in particular ^x^^ (possibly 
singular) and '^Ao+</> (regular) are infinitesimal characters fixed by twisting 

bye. 

1. The functors T^^^^^ and T^^^"^^ o-fe left and right adjoint to each 
other: 

Homg,.^(iV,T,"°+'^+(M)) Homg,.^(r,^°^^^ (iV), M), 
and similarly with the two functors interchanged. 

2. If is a coherent family ( Definition \17.4\ ) on Aq + Afin{G,^ Hg), 

r,^:+^J<&i(Ao + -/>+)) = <J>i(Ao). 

3. The translation functor T^^j^^_^ (translation to the wall) carries ev- 
ery irreducible {g,^ K)-module of infinitesimal character Xo + dcf) to an 
irreducible of infinitesimal character Aq, or to zero. The irreducible 
representations mapped to zero are exactly those containing some root 
o/II'^" in the r-invariant (Definition \16.7\ ()17.8op ). 

4. The (inverse of the) translation functor of (3) defines an injective 
correspondence of Langlands parameters ( and therefore of irreducible 
representations ) 

tll-^'^+:'B{Xo)^'B{Xo + d^). 

The image consists of all irreducible representations ( of infinitesimal 
character Xq + d(p) having no root of n^o in the T-invariant. 
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5. Suppose r2 = (^-ff, 72, -Rjig) G ^B{Xq) is a Langlands parameter (at the 
possibly singular infinitesimal character Xq) for an irreducible repre- 
sentation J{T2) of^G. Choose positive integral roots R'^{dj2) o.s in 
Theorem \17.6[ so that we have an isomorphism 

i{Xo,R^{Xo),dj2,R^{d^2)): K ^ ^* 
as in (|16.5p . and a map of virtual representations 

as in Proposition \17.^ 2). Define 

</>(r2)+ = ^/(Ao, i?+(Ao), (i72, i?+(d72))(</'+), 

a (type one) "^H-weight of a finite- dimensional representation of^G. 
( Proposition \17.^ . Then the correspondence of Langlands parameters 
in (4) is 

tii-^'^'-{T2) = T2+mh 

(notation as in Theorem \17.6^ 4))- 

6. Suppose Ti = {H,ji,R^) G ^B{Xo + d4>) is a Langlands parameter (at 
the regular infinitesimal character Aq + d(p). Write R^^d'fi) for the 
unique set of positive integral roots making dji integrally dominant, 
so that we have an isomorphism 

i(Ao + #, i?+(Ao), dji,R+{d-fi)) : f): ^ r 

as in (|16.5p . Define 

<A(ri)+ = 'L{Xo, i?+(Ao), d7o, i?+(d7o))(</'+), 

a (type one) '^H -weight of a finite- dimensional representation of G 
(Proposition \16M) . Then 

*Ao+0+(ri) =def (^,71 - </'(ri)+,i?i) =defTi - 0(ri)+ 



is a weak extended Langlands parameter (Definition \13.7 ). This cor- 
respondence is a left inverse to the injection of (4): 
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7. Translation to the wall carries standard representations to weak stan- 
dard representations: 

^AoV(Vo(ri) = /quo(ri - </.(ri)+). 

In particular, 

JVo(ro + H^o)+) = Vo(ro). 

8. Translation to the wall carries irreducibles to irreducihles or to zero: 



In particular, 




0(ri)+) (T(j(ri))nn^o = 
(T(j(ri))nn^o/ 



rA:+0+(^(ro + </'(ro)+) = J(ro). 



Corollary 117.91 allows us to "reduce" the computation of the multiplicity 
matrix ms^r defined in (|15.1|) to the case of regular infinitesimal character. 
Given a possibly singular infinitesimal character Aq, we choose a type one 
weight of a finite-dimensional representation 0+ as in (|17.8|) . so that Xo + dcj) 
is regular. The (possibly singular) Langlands parameters H and T in ^B{\q) 
correspond to regular Langlands parameters H + 4>{^)+ and F + </>(r)+ in 
^B{\a + d(t)), and 

m-E,T = m-^+<i>{-=)+,v+<t>(V)+- (17.10a) 
A little more precisely, we can start with the decomposition into irreducibles 

[I{T + = E "^s„r+0(r)H. [J{^i)] (17.10b) 

Sie«B(Ao+#) 

and apply the exact translation functor T^°_^^. On the left we get [/(F)], by 
Corollary 117. 9r 7). On the right we get 



SieB(Ao+#) 

T(Hi)nn^o=0 

The irreducibles appearing on the right are all distinct (this is part of the 
uniqueness assertion for the coherent family in Theorem 116. 6p . so the coef- 
ficients are the multiplicities of irreducibles in I(T). 

To say this another way: the index set of extended Langlands parameters 
at the possibly singular infinitesimal character Aq is naturally a subset of 
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the index set at the regular infinitesimal character Aq + d(j). The multiplicity 
matrix at Aq is the corresponding submatrix of the one at Aq + d(j). 

Finally, we record the reduction to regular infinitesimal character of the 
character matrix M=^r- 

Theorem 17.11. Suppose we are in the setting of ()17.8p ; in particular, we 
assume that the infinitesimal characters Aq and Aq + dcp are both fixed by 9. 
Write 

*Ao+</,+ : ^B{Xo + dcP) ^ '5i?„eak(Ao) 

(notation (jlS.ip ) for the map of Corollary \17. 9( 6). Fix an extended Lang- 
lands parameter Hi G ^B(Xq + d(f>). Write 

so that 

^Ao%+(Vo(Sl)) = /quo (So). 

1. There is a unique subset CsingC^o) C ^B(Xq) with the property that 

/quo (So) = ^ /quo(S'). 

2'eCsi,i3(Ho) 

2. The set CsingC^o) has cardinality either equal to zero (in case some 
simple compact imaginary root for Sq vanishes on Aq, so that /(So) = 
0) or a power of two. 

For each Langlands parameter H G ^B{Xo), define 

Creg{E) = {Si G ^B{Xo + d<P) \ E G Cs^ng{Eo)} C ^B{Xo + dc/)); 

here Eq = t^JJ^^^(Hi) as above. 

3. Suppose r G ^B{Xo) is any Langlands parameter, corresponding to 
T + (j)(r) G ^B{Xo). Then the character formula (jlS.lip is 

'^(r)= E E A%,r+*(r)[/(S)]. 

Equivalently, 

ME,r = E ^Hi,r+0(r). 
The proof is identical to that of Theorem 116.111 
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18 KLV theory 



We have seen in (jlS.ip how to write down finite matrices over Z 

(Mr,^), (mn.r) {T,^ e B{x)) (18.1) 

describing the characters of irreducible representations. In the present sec- 
tion we win recall how Kazhdan and Lusztig computed the character matri- 
ces. Carrying this out for the extended group requires significant effort 
(most of which is carried out in [27j); we wih therefore discuss that case 
separately in Section [T9j However, a number of the preliminary definitions 
given here extend easily to the extended group case; we will try to note that 
explicitly as they arise. 

A q-analogue of an integer n is a polynomial N € 7j[q] with the property 
that A^(l) = n. To be an interesting g-analogue, the coefficients of should 
carry refined information about some question to which n is an answer. 

The first step in the Kazhdan-Lusztig idea is to form g-analogues of the 
multiplicities and signatures. The matrices over Z are then replaced by 
matrices over The polynomial entries satisfy recursion relations that 

are not visible at (? = 1, so they can be computed. 

Kazhdan and Lusztig in [T7] introduced the g-analogues in a way that is 
quite subtle and complicated (transforming the problem first into algebraic 
geometry, then into finite characteristic, and finally studying eigenvalues of 
a Probenius operator). The advantage of their approach was that Deligne 
and others ([!]) had proven deep facts about these eigenvalues. We use 
an approach that is much simpler to explain, but apparently much harder 
to prove anything about. Fortunately Beilinson and Bernstein in [3] have 
already proven the equivalence of the two approaches. 

In |17j . the definitions of g-analogues are mostly geometric, but with 
modifications by powers of q given by lengths of Weyl group elements (which 
played the role of Langlands parameters). We need to make such modifi- 
cations in our setting as well, so we need a notion of length for Langlands 
parameters. 

Definition 18.2 ([38], Definition 8.1.4). Suppose L = (i?,7,i?+) is a 
Langlands parameter for G (Theorem 16. ID . Choose a system of positive 
integral roots R~^{d'y) subject to the requirements in Theorem 1 16. 61 Let 
I/reai be a split semisimple real group with root system the set R^{d'y) 
of integral real roots, and ATreai a maximal compact subgroup of Lreai- 
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Define 

Creal =def #{positive roots for Lreal} — #{positive roots for i^real}- 
= dimension of a Borel subgroup of K^ea^iiC). 

(The reason for the equahty is that the Iwasawa decomposition for the 
spht group Lfeai imphes that 

dimi^Tj-cai = #{positive roots for -^real}-) 

The (integral) length ofT is 

£{r) = #{pairs (a, —6{a)) of complex roots in R^{d'y)} + Creai- 

Because this definition of length is natural, it is unchanged by twist- 
ing r by any automorphism commuting with 6. In particular, it extends 
immediately to parameters for the extended group: the length of a pa- 
rameter for is just the length of any constituent of its restriction to 
G. 

Proposition 18.3 (|38] . Proposition 8.6.19). Suppose that S and T are 

Langlands parameters, and that J(H) occurs as a composition factor in the 
standard module I{T). Then 

Equality holds if and only if 3 is equivalent to T (so that J(H) is equal to 
the Langlands subquotient J{T) ). 

Exactly the same statement holds for the extended group ^G. 

This Proposition provides another proof of the upper triangularity of the 
multiplicity matrix proved in (jlS.lip : 

Corollary 18.4. Suppose that m=^r 7^ 0. Then 

m<m- 

Equality holds if and only if H is equivalent to T. Consequently the multi- 
plicity matrix mH,r is upper triangular with respect to any ordering of the 
Langlands parameters consistent with length. 

This Corollary is all that we really need about the upper triangular 
nature of the multiplicity matrix; but having come so far, we will pause to 
include a more precise statement. 
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Definition 18.5. Suppose H is a Cartan subgroup of G, and Ai G f)* is 
a re^u/ar weight. Recall from (jlS.ip the finite set -B(Ai) of (equivalence 
classes of) Langlands parameters of infinitesimal character Ai. The 
Bruhat order on -B(Ai) is the transitive closure of the relation 

H < r if J(H) is a composition factor of /(F). 

This definition makes sense for ^G. 

This definition makes perfectly good sense for singular infinitesimal 
character, but we choose not to use it in that case. The reason is that 
the order with this definition is easy to compute (for G) in the case of regular 
infinitesimal character (see the remarks after Proposition 118.8] below), but 
would not be easy to compute for singular infinitesimal character. Instead 
we use 

Definition 18.6. Suppose Hg is a maximally split Cartan subgroup 
of G, and Aq € f)s possibly singular weight. Choose a weight 

(p E Afin(G, i^s) as in (jl6.8p . so that (among other things) 

Ai = Ao + d(f) 

is a regular weight, and there is an inclusion of Langlands parameters 

t',l'-''■.B{Xo)-^B{X^) 

(Corollary I16.9p . The Bruhat order on B{Xq) is the Bruhat order on 
B{Xi), pulled back by 

The preservation of multiplicities explained in (jlG.lOp shows first of all 
that if Ao is regular, then this definition agrees with Definition 118.51 (even if 
we use a nonzero (p). It also follows that 

J(Ho) a composition factor of I(Tq) So < Tq. (18.7) 

What is different in the singular case is that there may be additional relations 
in the Bruhat order not generated by these "composition factor" relations. 

Proposition 18.8. Fix a regular weight Ai € I)*. The Bruhat order on 
B{Xi) ( Definition \18.5\} is graded by the length function of Definition\TK^ 
if i{T) = p, then every immediate predecessor H o/F has ^(H) = p — 1. 
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The statement and proof of this proposition carry over to the extended 
group with little change. In the case of G, the proof also provides a 
recursion (on ^(F)) for computing the Bruhat order; but this recursion does 
not carry over in a simple fashion to ^G. A short version of the difficulty is 
that "complex cross actions for the extended group may be double- valued.") 
We do not need this computation, so we have not pursued the matter. 

The recursive computation of the Bruhat order is implemented by the 
command blockorder in the software atlas written by Fokko du Cloux 
and Marc van Leeuwen ([7]). 

Proof. This is nearly a consequence of the proof of Prop 8.6.19 of ^38j. The 
argument given there for "Case I" (or in fact also for "Case II") serves 
perfectly as an inductive step in the proof of the stronger statement given 
in this proposition. The difficulty arises only in "Case III" of that proof. So 
we may assume that Case I does not arise for any simple root: that is, that 

Oa G R^{d-f), {a € U{d'y) complex). (18.9a) 

According to ^38], Lemma 8.6.1, this is equivalent to 

e{R+{d^)) - R+{dj)) = R+{dj) - R+{dj) : (18.9b) 

the Cartan involution 9 preserves the set of non-real integral roots. Just as 
in (|9.3p . we define 

L = centralizer in G of Tq, (18.9c) 

the reductive subgroup generated by H and its real roots. Define a Lang- 
lands parameter Tq for L as in (|9.3p : the corresponding standard repre- 
sentation I(Tq) is an ordinary principal series representation of L. What is 
important here is that if Hq is any Langlands parameter for L of infinitesimal 
character d'jq, then Zuckerman's cohomological induction functor carries the 
irreducible for L to the irreducible for G 

and correspondingly for standard modules 

{^linKym,)) = m)- (18.9e) 
These facts show that the inclusion of Langlands parameters 

BLidjq) Baid^), Eq^E (18.10) 
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respects Bruhat orders, and in fact carries the Bruhat interval below Fq 
isomorphically onto the Bruhat interval below T. It is easy to see that the 
inclusion preserves lengths. 

So the inductive step at F in the proof of our proposition may be reduced 
to the case G = L: that is, to the case that I{T) is an ordinary principal 
series representation for the split group L. We assume this for the rest of the 
proof. To simplify the notation, we will assume also that all the odd roots 
are "type 11". (If this assumption fails and there is a "type I" root, then as 
remarked at the beginning of the proof, we can just apply the argument in 
|38j.) In this setting there is a Z/2Zi grading 

R{d^r = i?(d7)rven U i?(d7)rdd (18.11a) 

on the integral coroots R{d^)'^ ([2S], Lemma 8.6.3); the odd coroots in this 
grading (and also the corresponding roots) are said to satisfy the parity con- 
dition. Attached to every odd positive root /3 there is a "Cayley transformed 
parameter" 

r^ = (i/^,r^,{/3}) (/3 e ii+((i7)odd). (is.iib) 

Here Hfj C ^/3(5L(2,]R)) • H (Definition 15. 2p corresponds to the Cartan 
subgroup SO{2) of S'L(2,M); its only imaginary roots are the two ±/3 in 
0^(s[(2,C)). This is essentially the Langlands parameter of the discrete se- 
ries representation of SL{2,M) appearing inside a reducible principal series 
representation. (The "type II" assumption, which concerns the disconnect- 
edness of H, means that this discrete series representation is unique, rather 
than being one of a pair; that is the "simplified notation" of which we are 
taking advantage.) 

Because H is assumed to be split, the Cartan involution of f) is —1 (at 
least on the span of the roots). The Cartan involution Bp on f)^ is therefore 
— (again on the span of the roots). 

The long intertwining operator for /(F) has a factorization in which each 
factor corresponds to a real root. The factors for the nonintegral roots, and 
for the integral roots of even grading, are all isomorphisms, and so do not 
contribute to the kernel of the long intertwining operator. The conclusion is 
that the composition factors of the kernel — that is, the composition factors 
of /(F) other than J(F) — all appear in /(F^) for some (odd positive integral 
real) /3. 

In terms of the Bruhat order, this means 

H < F ^ H < F^ (some f3 G i?+((i7)odd) (18.11c) 
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It is easy to compute 

i{Tp) = i{T) - [^{sp) + l]/2, (IS.lld) 

where the length function in brackets is the one for the integral Weyl group 
W{R{d'y)). The only elements of a Weyl group of length one are the simple 
reflections; so 

l{Tp) < £{r) - 1, (IS.lle) 

with equality if and only if (3 is simple in R^{d'y). 

The conclusion is that the only possible immediate predecessors of T 
are the various Tp, with f3 odd positive integral. To complete the proof of 
the proposition, we must show that if /3 is not simple, then is not an 
immediate predecessor. To prove this, we will show 

if /3 is odd positive, there is a simple odd a with < F,^. (IS.llf) 

This we prove by induction on the height of (3. If /? is simple, then we can 
take Q = /3; so suppose /3 is not simple. What we need to prove is 



if /3 is odd positive not simple, there is 
an odd positive /3' with F^ < F^/. 

It is convenient to prove the stronger statement 

if f3 is odd positive not simple, there is an 
odd positive /3' with F/3 F/j/, J{rf}) C /(F^/). 



:i8.11g) 



;i8.11h) 



Here C is abused to mean "is a composition factor of." Choose a simple 
root 5 so that 

(;S,(5^) = m > 0. (IS.lli) 
Since /3 is not simple, 5 ^ f3; so 

ssiP) =p-m5 = p" (IS.llj) 

is a positive root of lower height than /3. By a similar calculation, the root 5 
for Hfi corresponding to 5 is complex, and 6*^(5) is negative. Consequently 
5 ^ TiVp) (see Theorem 116. 6p . The Kazhdan-Lusztig algorithm (in fact the 
more elementary results proved in [39]) shows that J(F^) is a composition 
factor of I{ss x Tp), so that 

J{Tp) C I{S5 X Tp), ^{Tp) = e{ss X Tfs) - 1. (18.11k) 



163 



On the other hand, an elementary calculation shows that 



S5 X ~ {s5 X r)^//. 



(18.111) 



(The notation is slightly imprecise. As a representative for the equivalence 
class X r, we choose the one having the same differential as T; that is, we 
apply some shift by a multiple of 5, then conjugate by the real Weyl group 
reflection in 5.) 

We now consider two cases. First, if 6 is even, then x F = F, and so 
we have shown that 



This is ()18.11hp . with /3' = f3" . 

Next suppose 6 is odd. In order to prove (jlS.llhp . we can consider the 
(semisimple) rank two reductive subgroup L of G generated by the rational 
span of the roots 6 and /3 and the split Cartan H. This is a Levi subgroup of 
a real parabolic (not necessarily containing our fixed Borel). By induction 
by stages, one sees that it suffices to prove (jlS.llhp for G = L. The setting 
is therefore that G is split and simple of rank two, F is attached to the split 
Cartan, the simple root 5 is odd, and the non-simple root /3 is also odd. 

In types A2 and G2, and in the block for B2 with no finite-dimensional 
representations, every non-discrete series block element of length at most 
^(F)— 2 (like J(F^)) is a composition factor of every with £{E) = ^(F) — 1 
(like I{Ts)). So (llH.llhp is true with /3' = 5. 

We may therefore assume that L is of type B2, and that the block con- 
tains finite-dimensional representations. Since 6 is assumed to be odd, there 
are just two possibilities. 

a) The simple root 5 is long, the other simple root 5' is short, f3 = 5 + 6' 
is short, and = 25^ + (S'^ . 

b) The simple root 5 is short, /3 = 26 + 5' is long, and = 5^ + {5'^ . 

In case (a), since f3 is assumed to be odd, 5' must also be odd; so both 
simple roots are odd for F. In this case it turns out that in fact x F^ may 
not precede F in the Bruhat order; so (llS.llkp is of no help to us. Instead 
one can compute that J(F^) is a composition factor of /(F^); so we get 
(|18.11hp with l3' = 6. 

In case (b), since f3 and 5 are assumed to be odd, 6' must be even. Again 
it turns out that ss x F^ may not precede F in the Bruhat order, but that 
J(F/3) is a composition factor of /(F5). 



J(F^)C/(S5XF^) = /(F^.)- 



(18.11m) 
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From (jlS.llfp it is clear that the only candidates for immediate prede- 
cessors of r are the Ta, with a odd and simple. These have length one less, 
as the Proposition requires. □ 

What we are looking for is a "g-analogue" of the multiplicity of J(H) in 
/(r); that is, a collection of (meaningful!) integers that sum to the multi- 
plicity. The Jantzen filtration of I{T) is perfectly designed for this. 

Definition 18.12. Suppose T and H are Langlands parameters. Recall 
from ()14.5dp the finite decreasing filtration 

/quo(r) = /quo(r)° D /quo(r)^ D iquo{rf ■ ■ ■ 

We define the multiplicity polynomial so that the coefficients record the 
multiplicities in the subquotients of this filtration: by 

oo 
r=0 

This is a finite Laurent polynomial in the formal variable g^^^. The 
value at g^/^ = 1 of this Laurent polynomial is the multiplicity of J(H) 
in /(T): 

Qs,r(l) = m/^^^(r)(J(H)) = ms,r 

(see (fT5lf|l V 

This definition is normalized to make Qr.,T a polynomial in q. It 
would be more natural to consider 

oo 
r=0 

This definition carries over to the extended group without change. 

Although the multiplicity polynomial is the one we are most interested 
in, it seems aesthetically satisfactory to include the dual definition. 

Definition 18.13. Suppose F and ^ are Langlands parameters of reg- 
ular infinitesimal character. Write H = TA for the Cartan subgroup 
attached to F. Choose as in (19. 3p a ^-stable parabolic subalgebra 

q = [ + u 
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of 0, with L the centralizer in G of Tq, of type VZ with respect to V 
(see (|9.3bp ). Finally recall (still from (j9.3p ) the Langlands parameter 
Tq for L. We define the character polynomial by 

oo 

P^ ^ = ^[mult. of J(rq) in H'+^{u, ( J(*))](-gi/2)W*)-^(r)-r-)^ 

r=0 

a finite Laurent polynomial in the formal variable q^^"^. 

The preceding definition is normalized to make Pp.* a polynomial 
with nonnegative coefficients. It would be more natural to consider 

oo 

(_g-i/2)^(*)-^(r)p^^^ = ^(-l)'-[mult. J(rq) in H'+'\u,{J{-i'))]q-'/\ 

r=0 

This definition carries over unchanged to the extended group ^G. 

We turn now to the theorems about computing the polynomials P and 
Q. These do not extend painlessly to ^G. 

Theorem 18.14 (Lusztig-Vogan [41j). Suppose T and ^ are Langlands pa- 
rameters of regular infinitesimal character. Then the character polynomial 
Pr,<si of Definition \18.13\ is equal to the Kazhdan-Lusztig character polyno- 
mial (see [41] j. In particular, it is a polynomial in q. Therefore 

1. J(rq) can occur as a composition factor in H^^'^{u, J{^)) only if 

(a) r < ^' in the Bruhat order ( Definition 1 1 8. 5\) : and 
(h) ^(^') — ^(r) is congruent to r modulo 2; and 

(c) < [{m - m) - r]/2 < m) - myi. 

2. Equality can hold in the second inequality of 1(c) only if^ = T. Equiv- 
alently, 

deg Pr,v& < [•^(^) - -^(r) - l]/2, a// F < 

Here is the corresponding result about the cohomology of standard modules. 
Write a subscript T to denote projection on the summand of infinitesimal 
character equal to that of J{T(^). 

I U otherwise. 
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4- In the Grothendieck group of virtual {qq, K) -modules (cf. (|15.ip ). 

r 

Theorem 18.15 (Beilinson-Bernstein [3J). Suppose T and H are Langlands 
parameters of regular infinitesimal character. Then the multiplicity polyno- 
mial QE,r of Definition \18.12\ is equal to the Kazhdan-Lusztig "multiplicity 
polynomial" obtained by inverting the Kazhdan-Lusztig matrix {Pt,<Si) (see 
[42], Sections 1 and 12). In particular, it is a polynomial in q. Therefore 

1. J(H) can occur as a composition factor in Iquoi^Y / Iquoi^Y^^ only if 

(a) H < r in the Bruhat order ( Definition 1 1 8. 5|) .• and 

(b) ^(r) — is congruent to r modulo 2; and 

(c) < [(^(r) - m) - r]/2 < [^(r) - £(H)]/2. 

2. Equality can hold in the second inequality of 1(c) only ifV = H. Equiv- 
alently, 

degQs.r < Wr) -^(H) - l]/2, allr.<T. 

3. In the Grothendieck group of virtual [qq^K) -modules (cf. (jlS.ip ). 

[/(r)] = j;QH,r(l)J(H). 



We conclude this section with the corresponding results for singular in- 
finitesimal character. 

Corollary 18.16. Suppose Aq is a possibly singular infinitesimal character, 
and (j) is a weight of a finite- dimensional representation of G chosen as in 
()16.8p . so that in particular the infinitesimal character Ai = Ao+<^ is regular. 
Write 

tll+'^:B{Xo)^B{Xo + d^). 

as in Gorollary I jg.gl for the corresponding inclusion of Langlands parame- 
ters. Fix Langlands parameters 

To, Ho G -B(Ao), 

and write 
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for the corresponding regular parameters in i?(Ao + 0). Then the multiplicity 
polynomials of Definition \18. iB satis fu 



Qso.ro = Qs,T- 

That is, the multiplicity polynomials at singular infinitesimal character are a 
subset of the (Kazhdan-Lusztig) multiplicity polynomials at regular infinites- 
imal character; the subset is where both indices have no root o/II'^'' (notation 
(jlG.Sp ." that is, no root singular on Xq) in the r-invariant (Definition \16. 7p . 

19 KLV theory for extended groups 

In this section we fix again an extended group 

^G = Gx{l,(5/} (19.1a) 

as in Definition 112.31 Fix a maximally split extended torus ^Hg as in (|17.8p . 
and a weight Aq G ^ satisfying the dominance condition p7.8gp. We 
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want information about representations of G — precisely, about irreducible 
(g, ^ir)-modules — annihilated by [ker ^;jQ][ker ^j^;^;,]; these are parametrized 
by the extended Langlands parameters from (117. 8ip 

'B{\,) = 'B{\,f U 'B{\,)\ (19.1b) 

where the (coproduct) notation indicates the disjoint union into type one 
and type two parameters (Definition 113. 7p . 

A word about notation: we prefer to write a type two parameter for 
as Tind (with F a type two parameter for G, and a type one parameter as F+ 
or F_. When we are discussing "generic" parameters for ^G (not specified 
to be type one or type two) we will use Roman letters x,y,z . . .. 

We will use the corresponding sets of Langlands parameters for G cor- 
responding to ^B{Xo), namely 

B{Xo) = B{Xo)' U B{Xof; (19.1c) 

recall that a type one representation of G is one fixed by twisting by 9, and 
a type one Langlands parameter is one equivalent (that is, conjugate by a 
real Weyl group element) to its twist by 6. 

Definition 118.121 for multiplicity polynomials makes it clear how tensoring 
with the character ^ (Definition I8.12p (or by any other one-dimensional 
character of {g,^K)) affects them: 

--Qx,y (x,y e^S(Ao)). (19.1d) 
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For the character polynomials of Definition 118.131 the result is 

P^»y,^»z = Py,z (y, z G ^B{Xo),Xo regular). (19.1e) 

There are corresponding assertions about twisting by 6 (or by any other 
automorphism of (q,K)) on G: 

Qso,ro = QE,r (H,rGS(Ao)), (19.1f) 

Pro,^e = Pr,* (r, ^ G B{Xo), Aq regular). (19.1g) 
We first say a few words about the (essentially trivial) case 

tsiXo) + Xo, (19.1h) 

or equivalently / Caq' ^^^^ '^^^^ twisting by 6 defines a bijection 

6: B{Xo) ^B{tsXo) (19.1i) 

between the disjoint sets B{Xq) and B^tsXo). Therefore induction of param- 
eters is a bijection 

ind: B{Xo) ^ ^B{Xof = ^B{Xo), T ^ T,^^. (19.1j) 

In this case (by Clifford theory) all standard representations and all irre- 
ducible representations are induced from G to ^G. It is very easy to check 
from the definition of the Jantzen filtration that the filtration is also induced: 

Vo(rind)^ = ind[;;^^)(Vo(r)^). (i9.ik) 

From this it follows immediately that 

Q-„„r,„, = QH,r + Qso,r (S, F g B{Xo)) (19.11) 

Since has the wrong infinitesimal character to appear in /(F), the second 
term on the right is zero, and we get 

Qs,^„r,^, = Qs,r (S,FGP(Ao), Aq / t.Ao). (19.1m) 

By a slightly more technical but equally easy computation with Lie algebra 
cohomology, we find 

^ri„d,*ind = ^r,^' (F,*GP(Ao), Aq / t^Ao regular). (19.1n) 
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Having disposed of this easy case, we wih assume for the rest of this 
section that 

ts(Ao) = Ao. (19.I0) 
What Chfford theory says is that 

ind: i?(Ao)^ — > ^B{Xo)'^ is a two-to-one surjection, (19. Ip) 

and 

res: ^B{Xq)^ B{Xo)^ is a two-to-one surjection. (19. Iq) 

The fibers of the first surjection are the orbits of the twisting action by 9, 
and the fibers of the second surjection are the orbits of tensoring with the 
nontrivial character ^ oi^G/G (Definition 18. 12p . 

We will also make use of a type one weight as in p7.8pP : 

ct)eAUG,H,f^ (19.1r) 

of a finite-dimensional representation of G, dominant for i?^, and such that 

Ao + d(f) is dominant and regular for i?^(Ao). (19.1s) 

Parallel to Corollary 116.9( 4). we get from Corollary 117.9( 4) an inclusion 

t]^+^+,6B[\o)-^'B{\o + d<P), (19.lt) 

allowing us (parallel to Theorem 118. ISp to compute the Kazhdan-Lusztig 
multiplicity polynomials Q at the (possibly singular) infinitesimal character 
Ao as a subset of those at the (regular) infinitesimal character Ao + dcf). 

With notation established, we turn to computation of the Kazhdan- 
Lusztig character polynomials Px^y for ^G at regular infinitesimal charac- 
ter. Recall (Definition 118. 13p that such a polynomial describes certain con- 
stituents of the Lie algebra cohomology of the irreducible representation 
J(y); the constituents are related to the standard representation I{x). We 
consider four cases separately, according to the types of x and y. First, as- 
sume that y = "^md is type two, so that the irreducible representation J{y) 
is induced from J(^') on G. The Lie algebra cohomology of this induced 
representation is easy to compute, and we get just as in (jl9.1mp above 

^ri„d,*ind = PT,^!+Pr,^o (r G B{Xo)\ ^ £ S(Ao)^ Aq regular), (19.2a) 
= 2Pr,M> (^eS(Ao)^^eS(Ao)^Ao regular); 
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the last equality is a consequence of ( 19.1gP , and the hypothesis ~ F. 
Next, assume that y = ^± is type one, so that J{^±) is an extension to 
of the irreducible representation J(^). If x = Find is type two, then P^±,Ti^^ 
counts multiplicities of a certain induced representation in the Lie algebra 
cohomology of J{^±). By Frobenius reciprocity, such a multiplicity can be 
computed after restriction to G: 

= 2Pr,* (FG5(Ao)^^'eS(Ao)^Ao regular). 

We record also the more elementary analogues for the multiplicity poly- 
nomials Q, which do not require the hypothesis of regular infinitesimal char- 
acter: 

OHi„d,r,„d = Qs.r + Qs,r« G B{\^)\T e B{\^f)- (19.2d) 

QH±,ri„d = 2QH,r (H G i?(Ao)\ F G i3(Ao)2); (19.2e) 
QH,,d,r± = 2gH,r (H G i?(Ao)^ F G i3(Ao)^). (19.2f) 

In all of these cases — that is, whenever one of the indices is type two — the 
Kazhdan-Lusztig polynomials for ^G are given by extremely simple formulas 
in terms of the Kazhdan-Lusztig polynomials for G. The remaining case is 
when both indices are type one. We will therefore be considering parameters 

S,F,*GB(Ao)\ (19.3a) 

and their extensions 

H±,F±,^± G^S(Ao)^ (19.3b) 

These pairs (and the corresponding representations) are interchanged by 
tensoring with ^ (Definition I8.12p : 

i®J{~+) = J{~_), e^J(H_) = J(H+). (19.3c) 

Using (|19.1ep . we deduce 

/'ri,*- = Pv^,^+ (r, ^ G S(Ao)\ Ao regular), (19.3d) 

and similarly 

QH±,r_ = Q=±,r+ (H,r G B{\^f). (19.3e) 

So it is enough to compute all of the polynomials P and Q with the second 
index labeled +. (The same statement would be true with all four variations 
on "first" and "second," but this is the one we prefer.) 
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The polynomials Pr±,*+ describe the occurrence of certain representa- 
tions of an extended group (depending on T) in the Lie algebra cohomol- 
ogy of J(^'_|_). By restriction to G, we see that 

^'r+,*+ + Pr.,^+ = Pr,^ (r, ^ e B{Xo)\ Ao regular), (19.3f) 

That is, the sum of these two character polynomials for that we wish to 
compute is a (known) character polynomial for G. It is therefore natural to 
consider the difference 

Pr,^ =def Pr+,*+ - Pr_,*+ (r, ^ e B{Xo)\Xo regular). (19.3g) 

The polynomial P^ ,j, is called a twisted character polynomial. What the 
preceding formulas say is that if we can compute all the twisted character 
polynomials -Pp^, we will know all the character polynomials for ^G. 

In exactly the same way, the polynomials Qr.±,T+ describe the occurrence 
of the the irreducible representations J(H±) in the Jantzen filtration of of 
/(r+). By restriction to G, we see that 

QH+,r+ + Qs_r+ = Qb,t (H, V G B{\of), (19.3h) 

That is, the sum of these two multiplicity polynomials for ^G that we wish to 
compute is a (known) multiplicity polynomial for G. It is therefore natural 
to consider the difference 

Q|,r =def QH+r+ - QH_r+ (T, ^ £ B{Xo)^), (19.3i) 

a twisted multiplicity polynomial. Again what is true is if we can compute all 
the twisted multiplicity polynomials Q^^,, we will know all the multiplicity 
polynomials for ^G. 

Here is the main theorem of this section. 

Theorem 19.4 (Lusztig-Vogan [27] ) . Suppose F, ^ € -B(Ao)^ are type one 
Langlands parameters of regular -stable infinitesimal character Aq. Then 
the twisted character polynomial P^ ^ of p9.3gP is equal to the polynomial 
defined in [27j . In particular, it is a polynomial in q with integer coefficients. 
Each coefficient is bounded in absolute value by the corresponding coefficient 
of Pr,^, and congruent to that coefficient modulo two. 

What is actually written in |27j is a statement about equivariant per- 
verse sheaves on a flag variety in finite characteristic. By standard base 
change results, this is equivalent to a statement about ''-ftr(C)-equivariant 
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perverse sheaves on the flag variety of Borel subalgebras of q. By the 
Beilinson-Bernstein localization theory, with appropriate minor modifica- 
tions as in l^T\, this becomes a statement about twisted character polyno- 
mials for (g,^ K {C))-modules, which is precisely the theorem above in case 
Aq = p, the half sum of a full set of positive roots. 

The case of non-integral infinitesimal character can be treated just as 
for connected groups, using the ideas of Beilinson, Bernstein, Brylinski, 
Kashiwara, and Lusztig as sketched in Chapter 17 of [1]. (As far as we 
know, the ideas have been written down by their originators only in the first 
chapter of [25], which explains the case of Verma modules.) 

20 KLV theory for c- invariant forms 

In this section we fix a weight Aq € I)* representing a real infinitesimal char- 
acter (that is, belonging to the real span of the algebraic weight lattice X*) 
as in Definition 116.71 In (115. 12p . we wrote finite matrices over W (Definition 
MM 

(Wl^), iwE,r) (r,^Gi?(Ao)) (20.1a) 

describing the signatures of c-invariant forms on irreducible representations 
in terms of those on standard representations. The ring W = Z + sZ comes 
equipped with a homomorphism (Definition 115.91 

for:W^Z, p + qs^p+q, (20.1b) 

and these signature matrices are related to the multiplicity matrices by 

for(wH,r) = m-H.r, for{W{^,^) = Mp,^. (20.1c) 

In sections [18] and [19] we recalled the ideas of Kazhdan and Lusztig that 
led to computations of the multiplicity matrices m and M: introducing 
appropriate g-analogues Q and P, and then computing those g-analogues 
using recursion relations that do not make sense at ^ = 1. In the present 
section we will extend this to a computation of the signature matrices. We 
will need all this for extended groups. We will write only about G to keep 
the notation under control, making comments as we go about the case of 

The first issue is to find g-analogues of w and W. The first is easy. 

Definition 20.2. In the setting of (j20.ip . suppose T and H are Lang- 
lands parameters in B{Xq). Recall from (114. 5d|) the finite decreasing 
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filtration 

/quo(r) = /quo(r)° D /quo(r)^ D i^uo{rf • • • , 

and the nondegenerate Jantzen forms on the subquotients of the 
filtration. Using Proposition I15.1H write in the Hermitian Grothen- 
dieck group 

seB(Xo) 

with p G W. We define the signature multiplicity polynomial 

oo 
r=0 

The value at g^^^ = 1 of this Laurent polynomial is the signature mul- 
tiphcity of J(H) in /(F) defined in (fm2]l : 

Q|r(l) = ^^1, r- 
Applying the natural forgetful homomorphism 

clearly (by Definition I18.12p gives 

for(Q|,r) = QE,r. 
This definition applies to the extended group without change. 
Proposition 20.3. Suppose we are in the setting of Definition \20^ 

1. The signature multiplicity polynomial polynomial in W[q] of 
degree less than or equal to £{T) — £(H)]/2. Its coefficients are nonneg- 
ative, in the sense that if p + qs is a coefficient, then p and q belong 
to N. 

2. The diagonal entries of the matrix Q'^ are equal to one: Q^y — 1- 

3. The polynomial Q~ p can be nonzero only if'E<Tin the Bruhat order 
of Definition \18.(A 
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4- Equality can hold in (1) only ifV = H. Equivalently, 

deg Ql^r < [^(r) - - l]/2, all H < T. 

5. The matrix is upper triangular with diagonal entries 1, and conse- 
quently is invertible. 

Parallel results hold for ^G. 

Proof. The nonnegativity of the coefficients is clear from the definition. Be- 
cause of the nonnegativity and the last formula of Definition 120.21 p and 
Q'E,r have exactly the same set of nonvanishing coefficients. Because QE,r is 
known (by the Beilinson-Bernstein theorem 118. ISp to be a polynomial with 
a degree bound, the same conclusion follows for p. □ 

Definition 20.4. In the setting of (|20.ip and Definition 120.21 consider 
the matrix Q'^ (with entries indexed by B{Xq)) of polynomials in W[g]. 
The signature character polynomial is 

By Proposition 120.31 -Pf ^ polynomial in q (with coefficients in W) 
of degree at most [£(^') — i{T)]/2, with equality only if = F. The 
value at g = 1 of this polynomial is the signature coefficient of I(T) in 
the irreducible J{^) defined in (|15.12np : 

Pp^„(i) = (-i)m-mw^^^. 

Applying the natural forgetful homomorphism 

for: W[q] ^ Z[q] 

gives 

for(Pp^^^) =Pr,.p. 
This definition applies to the extended group without change. 

It would certainly be good to find a direct definition of Pp ^ parallel to 
the definition of Pr,* in Definition 118.131 perhaps in terms of some natural 
invariant form on Lie algebra cohomology. But we do not know how to do 
that. 

With g-analogues of the signature matrices in hand, we can ask how the 
ideas of Kazhdan and Lusztig help in computing them. Kazhdan-Lusztig 
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theory involves in a fundamental way the notion of length recalled in Defini- 
tion [T8]2l which involves only the integral roots. The behavior of invariant 
forms is also affected by roots which "were" integral at some deformed value 
of a continuous parameter. The following definition is a version of length 
which looks at those "previously integral" nonintegral roots. 

Definition 20.5. Suppose F = (A,z^) is a Langlands parameter (|6.5p . 
Write 7 for the differential of F, a weight defining the infinitesimal 
character. The orientation number £o(F) is equal to the sum of 

a) the number of pairs (a, —6a) of complex nonintegral roots such that 

(7,a^)>0, (7,-^Q^)>0; 

and 

b) the number of real nonintegral roots /3 such that (7,/?^) > 0, and the 
integral part [(7, /3^)] is even if Aq{ma) = +1, or odd if Aq(mo) = — 1 
(notation (fOdjl ). 

Theorem 20.6. Suppose F and H are Langlands parameters of (real) in- 
finitesimal character x- Then the signature multiplicity polynomial (Defini- 
tionMM is 

Qc^ ^ = s(^''(=)-^°(r))/2g„ ^(,^). 

In particular 

1. if 3 and F belong to a common block, then ^o(S) = ^o(F) (mod 2); 

2. if J (3) appears in level r of the J antzen filtration o//quo(F), then 

(a) r = £(F) - e{E) (mod 2); and 

(b) the rth J antzen form restricted to J(H) is 

(_l)[Wr)-^(=))+(^o(r)-£o(H))]/2^^ ^^^^^ ^. 

3. z/£o(F) — ^o(^) = (mod 4), then the signature multiplicity coefficient 

of ps.rigp is 

r = {sum of even coejfs of QE,r) + s{sum of odd coeffs of Qs.r); 

4- if io(r) — io{'E) = 2 (mod 4), then the signature multiplicity coefficient 
is 

r = {sum of odd coeffs of QE,r) + s{sum of even coeffs of Qh,?)- 
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Exactly the same results hold for the extended group G. 

Sketch of proof. Of course the proof is modeled on the proof of the Kazhdan- 
Lusztig conjectures in [JlJ and [26]. Part (1) is a fairly easy combinatorial 
statement. Part 2(a)) is a restatement of Theorem 118.151 1(b), recorded 
here only as a reminder that the powers of —1 appearing below are integer 
powers. Parts 3 and 4 are just restatements of 2(b); so what requires proof 
is 2(b). 

The first step is to reduce to the case of regular infinitesimal character. 
For this, fix a weight Aq € f)* representing ^ as in (jl7.8p . Choose (j)± as in 

Lemma 20.7. In the setting of (|17.8p . the finite- dimensional representation 
F^^ admits a positive- definite c-invariant Hermitian forms that is unique up 
to positive scalar multiple. Consequently the translation functors 

rpX0+4>+ rpXo 

of (117. 8vp carry (nondegenerate) c-invariant Hermitian forms to (nonde- 
generate) c-invariant Hermitian forms. 

Suppose in addition that the real dominance hypotheses of p7.8gP and 
(I17.8rp are satisfied. Suppose Tq € ^B{Xq) is any (singular) Langlands pa- 
rameter, and 

p^^^Ao+d0(ro)'5^(Ao + #) 
is the corresponding (regular) parameter (Theorem \17. 9^ 4 ) ) ■ Then 

1. T^°j_^_^ carries the canonical c-invariant Hermitian form on /quo(ri) 
to a positive multiple of the canonical c-invariant Hermitian form on 
-fquo(ro); 

2. T^°j^^_^ carries the canonical (nondegenerate) c-invariant Hermitian 
form on J{Ti) to a positive multiple of the canonical c-invariant Her- 
mitian form on J{Tq); 

3. T^°j^^_^ carries the Jantzen filtration on /quo (Pi) to the J antzen filtra- 
tion on /quo(ro); and 

4- ^Ao+0+ carries the Jantzen form on each level of IquoiXi) (Definition 
\14-^ to a positive multiple of the Jantzen form on the corresponding 
level o//quo(ro). 
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Sketch of proof. The first assertion of the lemma is just Weyl's "unitary 
trick:" the c- invariant form on is by definition preserved by a compact 
form of G, and therefore must be definite. The computation of the sign 
in (1) trivially reduces to the case of G. There (in light of Proposition 
I1U.7|) it depends on looking carefully at how lowest i^-types are affected by 
translation functors. (This is where the "real dominance" hypotheses are 
needed.) Part (2) follows immediately. 

For (3), recall how the Jantzen filtration is defined in Proposition 114.71 
When the regular parameter Fi = (Ai, vi) is modified by a small dilation of 
the continuous parameter, all the real dominance hypotheses are preserved. 
Write vi^s £ for the weight corresponding to vi identification i{Rf,R~^) 
of Proposition 116.21 The one-parameter family of translation functors 

(all of which use the same finite-dimensional representation; only the in- 
finitesimal character projection changes) all carry irreducibles to irreducibles 
or zero for small e. These functors carry /quo(Ai,(l + e)i^i) — the one- 
parameter family defining the Jantzen filtration of /quo(Fi) — to /quo(Ao, i^o + 
evi). Although this second family is not precisely the one used to define the 
Jantzen filtration for /quo(Fo), it is close enough that one can show that the 
filtration is the same. This proves (3). 

Parts (1) and (3) immediately imply (4). □ 

The lemma allows us to deduce all of the assertions of the theorem 
at possibly singular infinitesimal character Aq by applying the translation 
functor T^°_^^_^ to the assertions at the regular infinitesimal character XQ+d(j). 
Just as in the proof of (1) of the lemma, all the assertions about signature 
reduce immediately from the extended group to the case of G; so we will 
make no further mention of ^G. 

So we may assume henceforth that 

the infinitesimal character Aq is regular. (20.9a) 

Writing H for the maximal torus underlying the Langlands parameter F = 
(A, u), we get a unique positive system 

i?+i(F) = i?+(s,{))Mi(F) (20.9b) 

making (dA,!^) real dominant, and therefore a corresponding Borel subal- 
gebra b(F) (Definition 15. 3p . We proceed by increasing induction on the 
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dimension of the K{C) orbit of b(r). (The original Kazhdan-Lusztig conjec- 
ture Theorem 118. 141 i^i the case of integral infinitesimal character, concerns 
the intersection cohomology complex on the closure of K(C) ■ b{T), coming 
from a local system corresponding to F. The proof in that case proceeds by 
induction on the dimension of this orbit, along exactly the lines we are now 
following.) 

Suppose first that there is a complex simple root ar for i?^[[(r), such 
that 

ear i iif+u(r), ar ^ R{^)- (20.9c) 

That is. Or is assumed to be nonintegral. Write a for the corresponding 
simple root in Rf (Proposition 116.2]) . In the setting of (|16.8p . we choose 
the weight (f) not to make Aq + dcj) real dominant as in (|16.8hp . but instead 
to put it in the adjacent Weyl chamber: 

Aq + d(j) is regular and real dominant for Sa{Rt)- (20. 9d) 

Translation across this nonintegral wall is an equivalence of categories by 
Corollary 116.91 The translated Langlands parameter T' = t^°'^'^{T) is real 
dominant for s^p (i?j^jj(r), and therefore (by (|2U.9cp ) the corresponding orbit 
of Borel subalgebras has dimension one less; so the statements of 2(b) are 
available by inductive hypothesis for V . In order to use them, we need to 
know how the translation functor T^"^'^ affects orientation numbers and 
canonical Hermitian forms. 

The effect on the orientation number of H (Definition 120. 5p is fairly easy. 
If the simple root a= is complex, then ^o(^) increases by one if 6a^ > 0, 
and decreases by one if 0a= < 0. If a= is real, then £o(^) increases by one if 

and decreases by one otherwise. (The point for this second fact is that if 
t G M — Z, then the integer parts [t] and [—t] (meaning "greatest integer not 
exceeding") have opposite parity. In order to use the inductive hypothesis, 
we need to verify (still assuming that we are crossing a single nonintegral 
wall as in ()20.9dp that the translation functor T^'^^"^ does not change the sign 
of the canonical c-invariant form in case the orientation number increases 
by one, and does change the sign in case the orientation number decreases 
by one. This is another version of the lowest -ftT-type calculation used for 
Lemma l20.7f l). The most difficult case is that of real as, but that case can 
be reduced fairly easily to S'L(2,M). 
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Suppose next that there is a complex simple root ar for i2^jj(r), such 
that 

ea i -Rfuu(r), OL e R{Y). (20.9e) 

That is, ar is assumed to be integral. Write a for the corresponding simple 
root in . (This case is the most serious one.) Write 

m = (d7,a^), (20.9f) 
a strictly positive integer. There is a Langlands parameter 

r' = r - mar (20.9g) 
corresponding to the positive root system 

^«r(^fuii(r)) = i?fuii(r) - {ar} U {-ar}. 

The -ftr(C)-orbit of the corresponding Borel subalgebra has dimension one 
less than that for F, so the inductive hypothesis applies to F'. 

We will not recall all of the machinery of wall-crossing translation func- 
tors developed in [39lll0]. The central idea is to use these functors to con- 
struct from J(F') a new module 

[/„(J(F')). (20.9h) 

The composition factors of C/q,(J(F')) consist of J(F) (with multiplicity one) 
and certain composition factors of /quo(F'). The construction provides a 
nondegenerate c-invariant form on C/q(J(F')), and what we need to do is 
understand that form. The key calculation is that when we apply translation 
across the wall to the standard module /quo(F'), obtaining a module M with 
a short exact sequence 

^ /quo(r) ^ M ^ Vo(r') ^ 0, 

then the induced form on M restricts to a positive multiple of the canonical 
form on /q^o(F). (Just as for Lemma 120.7^ 1). this amounts to a careful 
examination of lowest -ftT-types.) From this it follows that the nondegenerate 
form on C/a(J(F')) restricts to a positive multiple of the canonical form on 
J(F). 

Essentially [26] uses the decomposition theorem to deduce that C/q(J(F')) 
is completely reducible. Using this complete reducibility, everything else 
about the form on C/o(J(F')) follows by relating Ua to the first level of the 
Jantzen filtration of /quo(r')5 and applying the inductive hypothesis. 
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The remaining possibility is that for every complex simple root ar, Oar 
is also positive. From this it follows that 

the set of nonreal roots in ^f|jii(r) is 0-stable. (20. 9i) 

Writing u = u(r) for the span of the root spaces of these nonreal positive 
roots, we get as in (|9.3p a 0-stable parabolic subalgebra 

q = [ + u = [(r) + u(r) (20.9j) 

satisfying the (very strong) positivity condition 

(d7,/3^)>0 (/3g A(u,f))). (20.9k) 

This condition guarantees that cohomological induction from L by q is an 
exact functor carrying irreducibles to irreducibles, and respecting c- invariant 
Hermitian forms (Theorem 10.9). Because Langlands parameters behave in 
a simple way under this induction, we see that length and orientation number 
are preserved; so the assertions in 2(b) of the theorem are reduced to the 
subgroup L. That is, we may assume that 

the Cartan subgroup H for F is split; (20.91) 

that is, that /quo(r) is a minimal principal series representation for a split 
group. If there are no real roots satisfying the parity condition (118. lip 
then /(F) is irreducible, and the assertions are easy. So suppose that there 
are real roots satisfying the parity condition. We proceed by induction on 
the smallest height of such a root. If the height is equal to one, there is 
a simple root (necessarily integral) satisfying the parity condition. In this 
case we argue essentially as in the case (|20.9ep above. If the height is greater 
than one, we can choose a nonintegral simple root ar such that the simple 
reflection s^p decreases the height. In this case we can translate across the 
nonintegral wall for ar as in the case (|20.9cp above. 

□ 

Corollary 20.10. Suppose F and ^ are Langlands parameters of (real) in- 
finitesimal character x- Then the signature character polynomial (Definition 
[|Oj is 

In particular 
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1. i/£o(^) — ^o(r) = (mod 4), then the signature character coefficient 
of (|15.12nl) is 

Wy q, = {sum of even coeffs of Pr,^) + s{sum of odd coeffs of Pr,^)', 

2. if lo(^^ — ^o(r) = 2 (mod 4), then the signature character coefficient 
is 

W^^q, = {sum of odd coeffs of Py^^) + s{sum of even coeffs of Pr,^)- 

The same result holds for the extended group ^G. 

Here are representation-theoretic translations of these results. 

Corollary 20.11. Suppose T and ^ are Langlands parameters of (real) 
infinitesimal character x- 

1. The signature function for the c-invariant form on the irreducible rep- 
resentation J(^') (see (jl5.10p ] is 

^-<m= E s'^'^^^y'^'~^^y'PrMs)sig'i^r)- 
rei3(x) 

2. The signature function for the Jantzen c-invariant form (Proposition 
\14- 7| on the standard representation I{T) is 

-g/(r)= E ^'°^"^-'°^'^Q=,r(.)sig}(,^. 
The same results hold for the extended group ^G. 

Proof. Part (1) is (jl5.12op . together with the formula in Corollary 120. 101 for 
the signature character matrix. Part (2) is Corollary 115.13( 2). together with 
the formula in Theorem I2U.6[ □ 

21 Deformation to u = 

Fix a (possibly singular) real infinitesimal character Xi the finite set 
B{x) of Langlands parameters of infinitesimal character x ^.s in (|15.ip . 
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What we have achieved in Corollary 120.111 is the computability of the for- 
mulas (jl5.12op expressing the signature character of each irreducible rep- 
resentation J{^) as a W-combination of signature characters of standard 
represent at ions : 

sigJW= E ^r,*sig7(r)- (21-1) 

r6B(x) 

That is, we have computed the coefficients ^ in terms of the (known) 
Kazhdan-Lusztig polynomials for G. 

In this section we will describe how to compute the signature of each 
standard representation I{T) appearing on the right side. As in Section [6l 
we write 

H = TA, G^ = MA (21.2a) 

for the Langlands decomposition of the Cartan subgroup and for the cen- 
tralizer of its vector part, and 

r = (A,i/) (21.2b) 

for the corresponding decomposition of the parameter; A determines a limit 
of discrete series /^^(A) for M, and u may be identified with a character e'^ 
of A. We also write 

dj = (dA, I/) = (A, u) Gt* + a* = t)* (21.2c) 

as in Theorem 116. 6| the weight d'j is a representative of the infinitesimal 
character x- We will also need the parameters Tt introduced in (114. ip . 

What makes the signature of /(F) complicated is the fact that v is not 
zero. Here is how to fix that. 

Theorem 21.3. For each Langlands parameter T = (A,z^) as above, there 
is a computable and unique finite formula 

sigj(r) = sigJ(A,o) +(s - 1) Yl ^^^''^ sig7(A,,o) (^^A',r G Z)- 

Here final discrete parameters are defined in Definition \6.5[ Every A' ap- 
pearing in the sum satisfies the bound 

jdA'p < \{dA,u)\^. 

This bound determines a finite subset of Ilfin^iiisc- 

An exactly parallel result holds for the extended group ^G. 
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The term /((A, 0) on the right need not be final, but one can always use 
Hecht-Schmid character identities to write it in terms of final parameters. 
If the set of lowest K- types is 

£(A) = {fli,...,flr} C K, 

and 

ij'i = KK) (Ai G nfin^disclG)) 

(Theorem I6.6p . then 

r 

/(A,0) = ^/(A„0). 
1=1 

This identity is true also for the natural c-invariant Hermitian forms (which 
were all normalized to be positive on the lowest -fC- types). In this way we 
get a signature formula entirely in terms of final discrete parameters. 

Before proving Theorem 121.31 we record what it tells us about signature 
formulas. 

Corollary 21.4. Suppose ^ = (A, i/) is a Langlands parameter of real in- 
finitesimal character as in ()21.2p . Then there is a computable and unique 
finite formula 

sig}(*) = sig/(A,o) + Yl ^A'.* sie/(A',o) • 

A'en/i„,i„c(G) 

The coefficients ^a'^ij belong to the signature ring W of Definition \15.!A 
Final discrete parameters are defined in Definition \6.5[ Every A' appearing 
in the sum satisfies the bound 

\dA'f < \{dA,u)\\ 

This bound determines a finite subset ofIlfin,disc- 

An exactly parallel result holds for the extended group ^G. 

Proof. We begin with the formula of Corollarv 120 . 1 1 T 1 ) (one large Kazhdan- 
Lusztig computation) , and then apply Theorem 121.31 to each term on the 
right (a long chain of nested Kazhdan-Lusztig computations). □ 

Now we can apply Theorem 112.91 and get a statement about signatures 
of invariant Hermitian forms. 
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Corollary 21.5. Suppose G is a real reductive group with extended group 
(Definition \12.3\) . Fix a strong involution x for G, an eigenvalue C, for 
the central element z = x? , and a square root C}/"^ for C, as in Definition 

Suppose ^ = (A, u) is a Langlands parameter for ^G of real infinitesimal 
character, in which the central element z acts by the scalar 

1. There is a computable and unique finite formula 

with coefficients -Ba',* £ W (Definition 1 1 5. 9\) . 

2. The representation J{^) admits an invariant Hermitian form 

{v.wfji^q.) = C^''^{x-v,wYj(^^^ =C^/'^{v,x-wYj(^^y 

3. For each A' appearing in the formula of (1), the central element z must 
act by (. Consequently the central element x G must act by a scalar 

(_l)^{A')(^l/2 

on the unique lowest ^K-type fJ^iA') o//(A',0); here the parity 

e(A') G Z/2Z 

changes if we change our (fixed global) choice of square root 
4- There is a computable and unique finite formula 

Here the signatures on the right are the positive- definite invariant Her- 
mitian forms on the irreducible tempered representations /(A',0). 

As a consequence, J{^) is unitary if and only if one of the following condi- 
tions is satisfied: 

a) For every A', the coefficient B\' ,^ is an integer multiple of s^^^'Y or 

b) For every A', the coefficient -Ba',"!- is an integer multiple of s"^^^'^^^. 
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The corollary says that to test whether J{^) is unitary, we must first 
write down a formula as in Corollary 121.41 for the c-invariant form. (The 
first term sig^j-^ must be rewritten as a sum over the lowest ^K-types as 
explained after Theorem 121.31 ) If any coefficient in that expression is of 
the form a + bs with a and b both nonzero, then J{^) cannot be unitary. 
If every coefficient is either an integer or an integer multiple of s, then we 
must compare this behavior with the action of the element x on the lowest 
^K-type of the corresponding standard representation. If they either agree 
everywhere or disagree everywhere, then J{^) is unitary; otherwise it is not. 

The proof of Theorem 121.31 will occupy the rest of this section. The 
idea is to deform the continuous parameter u to zero, and to compute the 
changes in the signature along the way. Mathematically the simplest way to 
perform this deformation is in a straight line. We will first describe how to 
do that, and then return to a more circuitous but (perhaps) computationally 
preferable path. The main step is Corollary 115.131 Here is a reformulation 
of that result using the detailed information about Jantzen filtrations and 
forms contained in Theorem 120.61 

Theorem 21.6. Suppose T is a Langlands parameter of real infinitesi- 
mal character, so that the Langlands quotient J{T) admits a nonzero c- 
invariant Hermitian form Consider the family of standard represen- 

tations Iquoi^t) (for t > 0) defined in (114. ip . and the family of c-invariant 
forms (, )j extending (, )^ as in Proposition \14- 7| For every t > 0, define 
forms 

{,r/^ oniqW^tY/i^noirtr^' 

with signatures 

sigy^P^-j = posj +s negj . A — )• W 
as in Definition \15.9l Write 

oo 

sigi =sigj(r,) = Z^sig^(rl) 

r=0 

for the signature of the (nondegenerate) Jantzen form on gr/quo(rf). Con- 
sider a finite subset 

0<tr < tr-i < ••• < ti < 1 C (0, 1]. 

so that I{Tt) is irreducible for t G (0, 1] \ {ti}. 
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1. On the complement of {ti}, the form is nondegenerate and of 
locally constant signature 



2. Choose € so small that I{Tt) is irreducible for t € [1 — e, 1) and for 
t E (1,1 + e]. Then 



+ (.-1) Yl -^'°^"^~'°^'»/'QH,r(.)sig}(^). 



HGB{x), H<r 



3. Under the same hypotheses as in (2), 
sigW)=^iS/(ri)=^iS/(r,i-.,) 

3><H<r 
e{'E.)-e(r)odd 

= sig^/(r,)=sig/(r„_„) 

+ - 1) E(-l)^'°^*^"'°^'"^'^*.= (-l)Q^.r(-l) sig5(^) . 



Proo/. Part (1) is exactly Corollary [I5l3];i). Part (2) is Corollary [HUKS) , 
with the explicit formulas from Theorem l20.61 The first formula in (3) plugs 
Corollary 120.111 into (2). The second is a consequence of the first because of 
the identity in W 

is-l)s = is-l){-l). 

□ 

Proof of Theorem \21.3[ We fix an invariant symmetric bilinear form on q 
that is negative definite on the compact form 0(M, Uc) (Theorem I3.4p . This 
form gives rise to a W{q, f))-invariant form (, ) on the dual f)* of any Cartan 
subalgebra, which is positive definite on the canonical real weights (the real 
span of the differentials of algebraic characters). We can arrange for this 
form to take rational values on the lattice X*(H{C)); the denominators 
appearing are then necessarily bounded by some positive integer iV. In 
this case the form also takes rational values on the differentials of discrete 
Langlands parameters, this time with denominators bounded by AN. (We 
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may gain one 2 from the p shift in the parameter, and one from the operation 
(1 + 0)/2 of restricting to the compact part.) 

To prove the theorem, we fix a bound M on the size of infinitesimal 
characters, and prove the theorem for ah Langlands parameters 

r' = (A', v'), {dA', v') < M. (21.7a) 

The proof proceeds by downward induction on {dA',dA') = k. For k > M 
there are no such Langlands parameters, and the theorem is vacuously true; 
so we assume that the theorem is known for V with 

{dA',dA') > {dA,dA). (21.7b) 

We apply the deformation formulas of Theorem 121.61 r times, at the points 
ti, t2r • • ) ^r- We get in the end a (computable) formula 

sig/(r) = sig/(A,o) Hs - 1) ^*,r sig^($) . (21.7c) 

Here every Langlands parameter $ appearing has infinitesimal character of 
the form 

Xt,^{dA,tju), (21.7d) 

which has size less than or equal to the size of and so is bounded by M. 
The condition in Theorem 121.6( 5) $ < Tt^ implies in particular that the 
discrete part A(<I>) satisfies 

(dA(«'),(iA($)) > {dA,dA). (21.7e) 

By the inductive hypothesis, each sig^j^^-j has a formula 

sig/($) = sig/(A($),o) +(s - 1) Yl ^^^'.'f siS/(A',o) (^A'.i- e 

A'enfi,,disc(G) 

(21.7f) 

By the remarks after the statement of Theorem 121.31 the first term on the 
right can be rewritten as a sum (over the lowest X-types of of standard 
final discrete representations. Now if we insert all these inductively known 
formulas (l2T?7f|l in (l2T7fa . we get the conclusion of the theorem. □ 

To implement this computation, one needs to compute (among other 
things) all the Kazhdan-Lusztig polynomials at various infinitesimal char- 
acters like that of any Tt = (Ajtv). When such an infinitesimal character 
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is (nearly) integral, the computation is long and difficult. We would like 
therefore to outline another way to proceed, involving only more restricted 
families of Kazhdan-Lusztig polynomials. 

We begin by setting up the bookkeeping. 

The decompositions 

f, = a + t, t)* = a* + i* (21.8a) 

are into the —1 and +1 eigenspaces of the Cartan involution 6. Applied to 
any ^ € {), they are therefore given by 

e = ^a + ^t, ^a = (C-ee)A ^,= {^ + 60/2, (21.8b) 

and similarly for f)*. For any coroot a"^ E f}, this means in particular that 
the value on the infinitesimal character 7 is 

(7,a^) = ((A,z.),a^) = {u,a^J + {X,a^). (21.8c) 

Here we will think of 

(A, Q^^) = ((A, a") + (A, 0a^))/2 =def £a € (21.8d) 
as a constant, and 

{ly, a^,) = {{i^, a^) + (z., -0a^))/2 =def Va^R (21.8e) 

as variable. For example, if a is not imaginary and n is an integer, then the 
collection of G for which (7, a"^) = n is 

{uGa*o\{u,a^J=n-£a}, (21.8f) 

an affine hyperplane in a^. (The point is that is a nonzero linear func- 
tional on Oq since a is not imaginary; so the set where it assumes the specified 
value n — la is an affine hyperplane.) 

Definition 21.9. In the setting of Proposition 16.61 and with the nota- 
tion of (121. 8p . the restricted roots of A in G are 

i?(G, ^) = {0 = Q„ I a e i?(G, H) - RiR{G, H)} c a* - {0}. 

(Definition 15. 7| and notation ()21.8p ) . Considering only nonimaginary 
roots guarantees that these restrictions to a are all nonzero. The set 
of restricted roots is often not a root system. In |18j one can find a 
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description of a large subset which is a root system, but we will have 
no need for this. 

Even though the restricted roots R{G, A) do not constitute a root 
system, it is convenient to make formal use of "coroots." We define the 
restricted coroots of A in G to be 

R''{G,A) = {0^ = I G R''{G,H) - RUG,H)} c a - {0}. 
We are particularly interested in the lines 

[4>] = Qct>C a*, 
R{G,A)^'^^ = R{G,A) n [0]; 

the set of restricted roots is the disjoint union of these finitely many 
lines. To each line of roots correspond the hyperplane and line 

a^'f'^ = ker C a, 0[<^] = C0^, a = o^'^l 0[^] , 

with (j)^ a restricted coroot for some root restricting in [(j)]. (We will 
show in Lemma 121.101 below that the line through (f)"^ is independent of 
the choice of this root.) Dually, we have 

(a*)!-^"] = ker 0^ c a*, of^vj = C<p, a* = (a*)!-^"] af^vj. 

Attached to each restricted root line [(j)] there is a Levi subgroup (for a 
real parabolic) 

This Levi subgroup is characterized by 

i?(L['^U['^l,i7) = {a e R{G,H) \ € [4>]} =dcf i?(G, i?)'*!. 
Each R{G,H)^'^'^ contains all the imaginary roots. We have 

the restriction of G a* to the line aj'^j is given by {v,(f)^). 
The Weyl group of A in G is 

W{G,A) = Ng{A)/Zg{A) ~ W{G,H)/W^^{G,H) 

The last quotient is by the subgroup of the real Weyl group acting 
trivially on A] that is the same as 

W^^{G, H) = W{G, H) n W{Ri^, H), 
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the subgroup contained in the Weyl group of the imaginary roots. We 
will need the subgroup stabilizing the discrete parameter A: 

W{G,A)^ ~ W{G,H)^/WiR{G,H)^. 

Lemma 21.10. In the setting of Definition 1 21 ."Pi suppose that a and (3 are 
nonimaginary roots such that Oa G Q/^n,' that is, that the lines [aa] and [/3(j] 
of restricted roots coincide. Then G Q/S^ ; that is, the lines [a^] and [/3^] 
of restricted coroots also coincide. 

Proof. Choose an Ad(G)-invariant symmetric bilinear form (,) on g that 
is negative definite on ^q, positive definite on sq, and making these spaces 
orthogonal (notation as in Theorem 13. 4p . Then the induced forms on f) and 
t)* are positive definite on the spans of the coroots and roots, and 

A(a^) = 2(A, a) / (a, a). 

That is, the identification of f) with f)* defined by the bilinear form identifies 
the coroot with 2a/ (a, a). Orthogonal projection on o ~ a* gives 

= 2aa/ {a, a). 

Now the conclusion of the lemma is clear. □ 

We are interested in certain affine hyperplanes in Oq based on (that 
is, translates of) the codimension one real subspaces (o-q)^'^ ' introduced in 
Definition ElS 

Definition 21.11. An affine hyperplane 

{i^ Ga*o\{i^, = q} 

is called a potential reducibility hyperplane for A if it is one of those 
described in Proposition 16.61 that is, if there is a nonimaginary root 
a G R{G, H) such that <j)^ = a^, and (for every v in the hyperplane, so 
that 7 = (A, u) as in (I2L2|)) either 

a) a is complex, (7,0"^) and (7, —9a^) are both strictly positive integers 
(equivalently, in the notation of (j21.8p . q = n — £a with n > \£a\ an 
integer); or 

b) a is real, (7,0^) is a strictly positive integer, and 

A,(m,) = (-l)<-."")+i 

(notation ()9.3dp ): equivalently, q = n is a strictly positive integer of 
parity opposite to that of Aq(ma). 
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The hyperplane is called reorienting for A if the orientation number of 
Definition 120.51 changes on crossing the hyperplane: that is, if there is 
a nonimaginary root a G R{G,H) such that (j)^ = ' (^o^ every u 
in the hyperplane, so that 7 = (A, i^) as in (j21.2p ) either 

a) a is complex, (7,0^) = and (7, — ^a^) > (equivalently, in the 
notation of (|21.8p , q = -£a < 0) ; or 

b) a is real, (7,0"^) is a strictly positive integer, and 

Aq(m„) = 

(equivalently, q = n is a strictly positive integer of the same parity as 
Aq(mQ,)); or 

c) a is real, (7,0^) is a strictly positive integer, and 

(equivalently, q = n is a strictly positive integer of parity opposite to 
that of Aq{ma)). 

The third case is just the real root reducibility hyperplane. Crossing a 
hyperplane of one of the first two kinds in the direction of increasing 
(p^ increases the orientation number by one, so we call them positively 
reorienting. Crossing a hyperplane of the third kind in the direction of 
increasing (j)^ decreases the orientation number by one, so we call these 
negatively reorienting. 

Here is the picture. For our fixed discrete parameter A, the real vector 
space Oq has a hyperplane arrangement given by the potential reducibility 
and reorienting hyperplanes of Definition 121.111 For every complex root a 
of H, we get the family of equally spaced parallel hyperplanes 

(i/,a^) =n-^„, {neZ,n>\ia\) (21.12a) 

(notation ()21.8p ): if ia = 0, then the case n = is excluded. For every real 
root a, we have the family of equally spaced parallel hyperplanes 

(z^,a^)=n, (nGZ,n>0). (21.12b) 

Within each open region defined by this arrangement, the c-invariant 
Hermitian form has a constant signature. Because none of the hyperplanes 
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passes through the origin, the signature is constant near = 0. More 
exphcitly, 

sig/(r) = sig7(A,o)' e ^0 small). (21.12c) 

More explicitly, the conditions on v are 

(,v,ai) < \£a\ {a complex, 4 / 0); (21.12d) 

and 

{v,(y^) < 1 (a complex or real,^^ = 0). (21.12e) 

In order to prove Theorem 121.31 we need to see what happens to the 
signature when we cross a single hyperplane in the arrangement. 

Theorem 21.13. Suppose T = (A, v) is a Langlands parameter as in (121. 2p . 
Fix a potential reducibility hyperplane 

'H{<t^\q) = {veal\{vA^) = q} 

as in Definition \21.11\ This means in particular that (j)^ is a restricted 
coroot: there is a nonimaginary root a with (j)^ = (Definition \21.9\} . 
Let (j) = aa be the corresponding restricted root (which according to Lemma 
\21.10\) is well defined up to a positive rational multiple. Therefore the Levi 
subgroup 

3 MA 

(corresponding to all roots restricting to multiples of (j); cf. Definition \2L9\) 
is well defined. Fix a parabolic subgroup 

Ql<t>] ^ i[4']^l4>]j^l4>]_ 

1. Suppose Hi c is any 9-stahle Cartan subgroup. Then weak 
Langlands parameters for G based on Hi (Definition \6.3\) may be iden- 
tified with weak Langlands parameters for L^'^^A^'^^ based on Hi. 

2. The correspondence of (1) is implemented on the level of standard 
representations by parabolic induction: 

[/«(ro] = [indg(,(^"^'''(r,)0i^'")]. 

Here the brackets indicate equality in the Grothendieck group. 

Assume now that v belongs to the potential reducibility hyperplane Hiif)^ ^q) 
and to no other potential reducibility hyperplane. 
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3. The equality in (2) is true on the level of standard representations 
endowed with Jantzen filtrations (Proposition \14-^ : 

and similarly for the submodule filtrations. 

4- Suppose E is a Langlands parameter for L^'^^ A^'^\ Then the multiplicity 
of J'^(H) in the rth level of the Jantzen filtration of I{T) is equal to 
the coefficient of in tJi^ Kazhdan-Lusztig multiplicity 

polynomial Qr.,r, which may be computed inside the subgroup 

5. The signature of the invariant form on the induced representation 
changes across the hyperplane 'H{(j)^,q) as follows: for e > suffi- 
ciently small, 

^iS/(A,(l+e)!/) = '^ig/(r) = sig/(A,jy) = sig/(A,(l-e)jy) 

+ (.-1) «^'°^"^-'°^"^^/'QH,r(.)sig}(,) 
e{E)-e{r)odd 

Recall from Definition 16.31 that Langlands parameters are weak param- 
eters subject to two additional conditions (5) and (6). The condition (6) is 
the same for G and for the Levi subgroup, since it involves only imaginary 
roots. But condition (5), called "final," is stronger for G, which may have 
additional real roots not present in the Levi subgroup. 

The calculation in (5) of the theorem cannot quite be done in the Levi 
subgroup, because the orientation numbers appearing can involve roots out- 
side the Levi. 

The change of signature formula in (5) can be rewritten in various ways, 
exactly as in Theorem 121.61 Indeed this entire theorem is a special case of 
that one. The point of this formulation is that if one moves the continuous 
parameter v in such a way as to cross only one hyperplane at a time, then the 
Kazhdan-Lusztig calculations required can be done inside the Levi subgroups 

m. 

The question of how much one gains in this fashion is a complicated one. 
Consider for example the split real group of type £"8- In order to deform in- 
variant Hermitian forms related to the trivial representation using Theorem 
121.61 one has to calculate the Kazhdan-Lusztig polynomials for the largest 
block, in Eq, which has 453,060 elements. To use Theorem 121.131 the only 
calculation which must be done in £"8 is for that portion of the block which 
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lies below some parameter T attached to the (unique) Cartan subgroup with 
one-dimensional split part. We have not calculated exactly how large that 
portion of the block is, but there is an upper bound of 191,411. The atlas 
software can calculate these polynomials (more precisely, the upper left cor- 
ner of the Kazhdan-Lusztig matrix of size 191,411 by 191,411) in about 
one-fiftieth the time and one-fifteenth the memory needed to compute the 
entire matrix. 

On the other hand, a complete analysis of invariant forms on irreducible 
representations requires not only this deformation analysis but also the ex- 
plicit expression for an irreducible in terms of standard modules in (jl5.12op ; 
and this is calculated in Corollary 120. 1 II using all the Kazhdan-Lusztig poly- 
nomials. 

It may be that the idea in Theorem 121 . 131 still provides a useful improve- 
ment in the deformation part of the calculation. The only way that we can 
see to make a convincing test is to implement both algorithms and compare 
performance. 

22 Hyperplane calculations 

The formulas of Theorem 121.131 require explicit calculations in the groups 
^[0] corresponding to a single line of restricted roots ( (|21.8p ). In this section 
we will enumerate the corresponding cases. This was done in the (unpub- 
lished) work announced in [2]. 

What is shown in the table is the Dynkin diagram of L^^l The roots of 
the Levi subgroup MA are black. 
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type 




diagram 


G 


MA 











GL(2,E) 


GL{1,R) X GL(1,E) 











S'L(2,C) 


GL(1,C) 


Ao 




• — 




(7LC3 M") 


GLC2 M") X GL(1 R) 


A2 




— • 




GL(3,K) 


GL{1,R) X 0^(2, R) 


^3 




• — — • 




GL(4,R) 


GL(2,R) X GL(2,R) 


^3 




• — — • 




GL(2,e) 


GL(l,e) X GL(l,e) 







— • • • • •- 


-0 


U{p,q), P,q>h 

P -\- Q = 71 — 1 


GL(1, C) X C/(p — 1, q - 1) 


Bn 


•— 


-0 — • • • • < 




SO(2p,2q + 1), 
P,Q>^, P + Q = n 


GL(2, R) X 50(2p - 2, 2g - 1) 


Bn 


0— 


-• — • • • • < 




SO(2p,2q + 1), 
p,q>l, p + q = n 


GL{1, R) X SO(2p - 1, 2g) 


Cn 


• — 


-0 — • ■ ■ ■ i 






GL(2, R) X Sp(2n - 4, R) 




•— 


-0 — • • • • < 




Sp(p,q), P,q > 
1, p + q = n 


GL(2,R) X Sp(p-l,q-l) 


Cn 


0— 


-• — • • • • < 




Sp{2n, R) 


GL(1,R) X 5p(2n-2,R) 


Dn 


•— 


-0 — • • • • < 




SO{2p,2q), p,q > 
1, p + q = n 


GL(2, R) X 50(2p - 2, 2g - 2) 


Dn 


•— 


-0 — • • ■ • ) 




SO*{2n) 


U{2) X 50*(2n-4) 


Dn 


0— 


-• — • • • • < 




SO(2p+l,2g-l), 

p,q>^,p + q = n 


50(2p, 2q - 2) 



Rank one M for classical G 
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type diagram G MA 

G2 o^. G2 GL(2,R)3hort 

G2 G2 G£(2,R)iong 

F4 o— . Fi C3 X 

F4 •—•=^•—0 B3 X 

^6 -5^6 As X Rx 

-^7 ,_,_,_I_,_o Z^e X IR"" 

-^8 o— I— •—• ^7 X 



Rank one M for exceptional G 
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